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Problem setup

Tools:
(1) Heuristic policies
(2) Optimal Control (OC) theory
(3) Reinforcement Learning (RL)

2 AGENTS 

searcher

MOVING Target

capture

Goal: minimize the separation/capture
in a finite time horizon
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(1) (semi) Heuristic policies

Trivial Policy: constantly chooses the direction that points towards the moving target,

Surfing Policy*: - constant gradients for a time 𝜏! (free parameter);
- maximization of the searcher displacement along the 𝑹" direction;   
- good for slowly varying 𝑹" (i.e. at large scales)

Perturbative Policy:  - 0th order OC with constant gradients for a time 𝜏# (free parameter) ; 
- valid at small scales

*Monthiller, Rémi, et al. Surfing on Turbulence: A Strategy for Planktonic Navigation. Phys. Rev. Lett. 129, 064502 (2022)

characteristic scale of the flow
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Trivial Policy: constantly chooses the direction that points towards the moving target
!𝒏(𝑡) = −(𝑹#

Surfing policy: valid at large scales, i.e., 𝑹" ≫ 𝐿 . Based on a free parameter 𝜏!$%& .

Perturbative policy:  valid at small scales, i.e., 𝑹" ≪ 𝐿 . Based on a free parameter 𝜏#'%"$( .

Surfing policy* - derivation

• Approximate linearly the underlying flow,                   for                      ;

• Find          such that is maximum;  

(Assuming constant gradients 
for a time       )

(Assuming constant the 
direction      for a time    )

• Numerically optimize the free parameter 𝜏!.

*Monthiller, Rémi, et al. Surfing on Turbulence: A Strategy for Planktonic Navigation. Phys. Rev. Lett. 129, 064502 (2022)

characteristic scale of the flow
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(1) (semi) Heuristic policies



Trivial Policy: constantly chooses the direction that points towards the moving target
!𝒏(𝑡) = −(𝑹#

Surfing policy: valid at large scales, i.e., 𝑹" ≫ 𝐿 . Based on a free parameter 𝜏!$%& .

Perturbative policy:  valid at small scales, i.e., 𝑹" ≪ 𝐿 . Based on a free parameter 𝜏#'%"$( .

Perturbative policy - derivation

• Consider linearity between the two agents, i.e.,

• Numerically optimize the free parameter 𝜏".

(Assuming constant 
gradients for a time 𝜏!)

• Find          such that is minimum;  

characteristic scale of the flow
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<latexit sha1_base64="E2xc12uVfU+CRbqVGKG4Nuhg9Xs=">AAACAHicbVC7TsNAEDyHVwivACXNiQgpNJGNIqBBRNBQBgknkRITnS+bcMr5bN2tkSIrDV9BCxUdouVPKPgXbJMCAlONZna1s+NHUhi07Q+rsLC4tLxSXC2trW9sbpW3d1omjDUHl4cy1B2fGZBCgYsCJXQiDSzwJbT98WXmt+9BGxGqG5xE4AVspMRQcIapdNvzQzmgbhUP6Rk975crds3OQf8SZ0YqZIZmv/zZG4Q8DkAhl8yYrmNH6CVMo+ASpqVebCBifMxG0E2pYgEYL8lTT+lBbBiGNAJNhaS5CD83EhYYMwn8dDJgeGfmvUz8z+vGODz1EqGiGEHx7BAKCfkhw7VI6wA6EBoQWZYcqFCUM80QQQvKOE/FOO2nlPbhzH//l7SOas5xrX5drzQuZs0UyR7ZJ1XikBPSIFekSVzCiSaP5Ik8Ww/Wi/VqvX2PFqzZzi75Bev9C/U+lYc=</latexit>

U(t) =?

<latexit sha1_base64="2Ji15KlsWAJWDBg+3TVmh3UfQM0="></latexit>(
Rt = X(2)

t �X(1)
t

L =

<latexit sha1_base64="eflY8EiHnA0Qz4iS4wOWhMlF1pA="></latexit>

v(X(2)
t , t) ' v(X(1)

t , t) +rvtRt ,
<latexit sha1_base64="YhhwnywQ5trUDPHAZkewR1+I2+s=">AAACFXicbVC7TsNAEDyHVwgvAyXNQYREFdkoAsoIGgqKgMhDiq3ofNmEU84P3a2RIis1n8BX0EJFh2ipKfgXbOMCEqbZ0cyudne8SAqNlvVplBYWl5ZXyquVtfWNzS1ze6etw1hxaPFQhqrrMQ1SBNBCgRK6kQLmexI63vgi8zv3oLQIg1ucROD6bBSIoeAMU6lv7jttUEgdL5QDPfHTktxM+1ioUtKrvlm1alYOOk/sglRJgWbf/HIGIY99CJBLpnXPtiJ0E6ZQcAnTihNriBgfsxH0UhowH7Sb5K9M6WGsGYY0AkWFpLkIvycS5uvszrTTZ3inZ71M/M/rxTg8cxMRRDFCwLNFKCTkizRXIs0I6EAoQGTZ5UBFQDlTDBGUoIzzVIzT0CppHvbs9/OkfVyzT2r163q1cV4kUyZ75IAcEZuckga5JE3SIpw8kCfyTF6MR+PVeDPef1pLRjGzS/7A+PgGRaufDQ==</latexit>

kRtk ⌧ L

<latexit sha1_base64="h9Y1GFTThGI2sPQ1uwKSixqzSN8="></latexit>

Ṙt = rvtRt +U(t)

<latexit sha1_base64="wOJHBnIkRRIa2z4eNv+1iRs7EhY="></latexit>

R⌧p ·R
free
⌧p

<latexit sha1_base64="0SU2QrSbuD4EZ1zwzT/LDnOCaTw=">AAAB/XicbVC7TsNAEDyHVwivACXNiQgpNJGNIqCMoKEMEk4iJVZ0vmzCKWefdbdGiqyIr6CFig7R8i0U/Au2cQEJU41mdrWz40dSGLTtT6u0srq2vlHerGxt7+zuVfcPOkbFmoPLlVS65zMDUoTgokAJvUgDC3wJXX96nfndB9BGqPAOZxF4AZuEYiw4w1TqD3wlR9St4ykdVmt2w85Bl4lTkBop0B5WvwYjxeMAQuSSGdN37Ai9hGkUXMK8MogNRIxP2QT6KQ1ZAMZL8shzehIbhopGoKmQNBfh90bCAmNmgZ9OBgzvzaKXif95/RjHl14iwihGCHl2CIWE/JDhWqRdAB0JDYgsSw5UhJQzzRBBC8o4T8U4LaeS9uEsfr9MOmcN57zRvG3WWldFM2VyRI5JnTjkgrTIDWkTl3CiyBN5Ji/Wo/VqvVnvP6Mlq9g5JH9gfXwDiF2UzQ==</latexit>

U(t)
<latexit sha1_base64="A3GrulGcWo+x7mzEY6nBZs9d+Yc="></latexit>

n̂(t) = �
⇥
e(⌧p�t)rvt0

⇤T · e(rv)t0⌧p · R̂t0

k
⇥
e(⌧p�t)rvt0

⇤T · e(rv)t0⌧p · R̂t0k

<latexit sha1_base64="MZJex2ZZAmYxNu4v9cwObwXFqkA="></latexit>

R⌧p = e[(rv)t0⌧p]Rt0+Vs

Z ⌧p

t0

dt e[(rv)t0 (⌧p�t)]n̂(t) ;

(1) (semi) Heuristic policies



(2) Optimal Control theory – Pontryagin minimum principle

Minimize

Imposing 
and other possible constraints, 
e.g.: 

state variables  

performance index

control variables  

(∗)capture’s distance
In our case:

Minimize

Imposing  (∗) and the control constraint  
Minimize trajectories’ separation

Minimize time of arrival at the desired distance

• Model based and analytical tool

• Perfect knowledge required

border of controllability

<latexit sha1_base64="55j2Gj0MOuf8W8AAibMGtJtplR0="></latexit>

J = CF

�
X(tf )

�
+

Z tf

t0

dt [L(X(t),U(t), t)]

<latexit sha1_base64="TFUufS5UW1eADCiGCJl1XjKnnT0=">AAACLHicbZDLSsNAFIYn3q23qEs3g0WoICWRot0IRTcuKxgttKFMpqc6dHJh5kQooa/iI/gUbnXlRsStz+EkzUKtZzMf/3+Gc84fJFJodJx3a25+YXFpeWW1sra+sbllb+/c6DhVHDwey1h1AqZBigg8FCihkyhgYSDhNhhd5P7tAygt4ugaxwn4IbuLxFBwhkbq283eIMasF8RyQDuTPp4VqMeheeiwVho1PDyiU/YKxsO+XXXqTlF0FtwSqqSsdt/+NKN4GkKEXDKtu66ToJ8xhYJLmFR6qYaE8RG7g67BiIWg/ay4cEIPUs0wpgkoKiQtRPj5I2Ohzpc2nSHDe/3Xy8X/vG6Kw6afiShJESKeD0IhoRikuRImOqADoQCR5ZsDFRHlTDFEUIIyzo2YmiwrJg/37/WzcHNcd0/qjatGtXVeJrNC9sg+qRGXnJIWuSRt4hFOHskzeSGv1pP1Zn1Yn9PWOav8s0t+lfX1DSnwpnA=</latexit>

Ẋt = f(X(t),U(t), t)

<latexit sha1_base64="Ff8pdtGw8PnCdMdFDlO9Z3dkWR4="></latexit>(
X(tf ) = X? , X(t0)  X? ,

kU(t)k2 = 1 , kU(t)k2  1 , exc.

<latexit sha1_base64="fJg48k2JdLJVtzSjlCn7FaxXQvI=">AAACOnicbVDLSgNBEJz1GeMr6tHLYBA8xV0J6kUICuJRxUQhG5feSScOmX0w0yuEJX/kJ/gV3kS9eBOvfoC7cQ++6tJFVTfdXX6spCHbfrQmJqemZ2ZLc+X5hcWl5crKastEiRbYFJGK9JUPBpUMsUmSFF7FGiHwFV76g6Pcv7xFbWQUXtAwxk4A/VD2pADKJK9y7LZQE3f9SHXNMMgKP792DYHmX84B/6fDS8mzR4Wz7di2V6naNXsM/pc4BamyAqde5cXtRiIJMCShwJi2Y8fUSUGTFApHZTcxGIMYQB/bGQ0hQNNJx/+O+GZigCIeo+ZS8bGI3ydSCEx+atYZAN2Y314u/ue1E+rtd1IZxglhKPJFJBWOFxmhZRYk8q7USAT55chlyAVoIEItOQiRiUmWbDnLw/n9/V/S2qk5u7X6Wb3aOCySKbF1tsG2mMP2WIOdsFPWZILdsQf2xJ6te+vVerPev1onrGJmjf2A9fEJO4msng==</latexit>

kR?k = kRt0k/100
<latexit sha1_base64="Egxav/8LUTucQDlV6BwxzhslyTo="></latexit>8
><

>:

Ẋ(1)
t = v(X(1)

t , t)

Ẋ(2)
t = v(X(2)

t , t) +U(t)

U(t) = Vsn̂(t)

<latexit sha1_base64="mgtYiyHftViNdwqPzgGnutk1g2o="></latexit>

kRt0k ⇠ Vs

�lyapunov

<latexit sha1_base64="XQgrw1nRBw52Iq55btbkBm02GvU=">AAACG3icbVC7TsNAEDzzDOEVoKQ5ESGgiWyEgAYJQUMZJBKQ4hCtL5vkxPls3a2RkJVP4BP4Clqo6BAtBQX/gm1SQGCaHc3sancniJW05LofzsTk1PTMbGmuPL+wuLRcWVlt2igxAhsiUpG5CsCikhobJEnhVWwQwkDhZXBzmvuXt2isjPQF3cXYDqGvZU8KoEzqVLb8Jhri/gAo9YNIde1dmBWuh9u0U3jXu/yIe51K1a25Bfhf4o1IlY1Q71Q+/W4kkhA1CQXWtjw3pnYKhqRQOCz7icUYxA30sZVRDSHadlo8NOSbiQWKeIyGS8ULEX9OpBDa/NCsMwQa2HEvF//zWgn1Dtup1HFCqEW+iKTCYpEVRmZJIe9Kg0SQX45cai7AABEayUGITEyy6MpZHt74939Jc7fm7df2zveqxyejZEpsnW2wbeaxA3bMzlidNZhg9+yRPbFn58F5cV6dt+/WCWc0s8Z+wXn/Amv5oI4=</latexit>

kn̂(t)k2 = 1

Lagrangian function

<latexit sha1_base64="2raquQM4xMGTSBya5tDROUXv6ec="></latexit>

J = kRtf k2+c

Z tf

t0

dt ✓(kRtk2 � kR?k2)



Optimal Control vs heuristic policies at small scales

Velocity field*

*Buzzicotti et al. Lagrangian statistics for Navier–Stokes turbulence under Fourier-mode reduction: fractal and homogeneous decimations. 
New J. Phys., 18 (11) (2016), p. 113047

3D Direct Numerical Simulations

homogeneous and 
isotropic forcing 

NSEs:

(1)

(2)

(3)

Inertial range

Small scales

Large scales

(1)

DNS parameters

<latexit sha1_base64="tzJugNuAsVCaDARax36ryjCKQbo=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRXaIgAYpgoYKBYk8pMRE58smnHI+W3drpMjkJ2ihokO0/AwF/4JtXEDCVKOZXe3seKEUBm3701pYXFpeWS2sFdc3Nre2Szu7LRNEmkOTBzLQHY8ZkEJBEwVK6IQamO9JaHvjy9RvP4A2IlC3OAnB9dlIiaHgDBOpc33u2NXa3XG/VLYrdgY6T5yclEmORr/01RsEPPJBIZfMmK5jh+jGTKPgEqbFXmQgZHzMRtBNqGI+GDfO8k7pYWQYBjQETYWkmQi/N2LmGzPxvWTSZ3hvZr1U/M/rRjg8c2OhwghB8fQQCgnZIcO1SIoAOhAaEFmaHKhQlDPNEEELyjhPxChpppj04cx+P09a1YpzUqnd1Mr1i7yZAtknB+SIOOSU1MkVaZAm4USSJ/JMXqxH69V6s95/RhesfGeP/IH18Q3IvZM7</latexit>

N = 10243
<latexit sha1_base64="dACg/QJ9OsXf/SvdgTMT/y6dOc8="></latexit>(
@tv = �rp� (v ·r)v + ⌫r2v + F ,

r · v = 0

<latexit sha1_base64="VTFMTv2OfhQew6Td9nEowvEV/QQ=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZEQIMUQUMZJPKQEitaXzbhlPODuzVSZKXgK2ihokO0fAoF/4IdXEDCVKOZXe3seJGShmz701pYXFpeWS2sFdc3Nre2Szu7TRPGWmBDhCrUbQ8MKhlggyQpbEcawfcUtrzRVea3HlAbGQa3NI7Q9WEYyIEUQKnkdpGgN7qwK7ZdPemVyhnJwOeJk5Myy1Hvlb66/VDEPgYkFBjTceyI3AQ0SaFwUuzGBiMQIxhiJ6UB+GjcZBp6wg9jAxTyCDWXik9F/L2RgG/M2PfSSR/ozsx6mfif14lpcO4mMohiwkBkh0gqnB4yQsu0DeR9qZEIsuTIZcAFaCBCLTkIkYpxWk8x7cOZ/X6eNI8rzmmlelMt1y7zZgpsnx2wI+awM1Zj16zOGkywe/bEntmL9Wi9Wm/W+8/ogpXv7LE/sD6+AYCllUw=</latexit>

⌘k = 0.0043
<latexit sha1_base64="ISnuRwvwQS/QEfdTyGPBPRtXAtU=">AAACA3icbVC7TkJBEN2LL8QHqKXNRmJiRe5FojYmRBtLTOSRACFzlwE37H1kd9aEEEq/wlYrO2Prh1j4L96LFAqeZk7OmcnMHD9W0pDrfjqZldW19Y3sZm5re2c3X9jbb5jIaoF1EalIt3wwqGSIdZKksBVrhMBX2PRH16nffEBtZBTe0TjGbgDDUA6kAEqkXiHfIbC9DhJcuiW3fNorFJM6A18m3pwU2Ry1XuGr04+EDTAkocCYtufG1J2AJikUTnMdazAGMYIhthMaQoCmO5kdPuXH1gBFPEbNpeIzEX9PTCAwZhz4SWcAdG8WvVT8z2tbGlx0JzKMLWEo0kUkFc4WGaFlkgjyvtRIBOnlyGXIBWggQi05CJGINokol+ThLX6/TBrlkndWqtxWitWreTJZdsiO2Anz2DmrshtWY3UmmGVP7Jm9OI/Oq/PmvP+0Zpz5zAH7A+fjG+1Flpo=</latexit>

⌧⌘ = 0.023
<latexit sha1_base64="M58aYiph6EiATAFUHn87Vqs8/m0=">AAACAHicbVC7TsNAEDyHVwivACXNiQiJKrJRRCgjaCgDIg8pMdH5sgmnnM/mbo0UWWn4Clqo6BAtf0LBv2AbF5Aw1WhmVzs7XiiFQdv+tApLyyura8X10sbm1vZOeXevbYJIc2jxQAa66zEDUihooUAJ3VAD8z0JHW9ykfqdB9BGBOoGpyG4PhsrMRKcYSLdXkPfCB/uqVO3bXtQrthVOwNdJE5OKiRHc1D+6g8DHvmgkEtmTM+xQ3RjplFwCbNSPzIQMj5hY+glVDEfjBtnqWf0KDIMAxqCpkLSTITfGzHzjZn6XjLpM7wz814q/uf1IhydubFQYYSgeHoIhYTskOFaJHUAHQoNiCxNDlQoyplmiKAFZZwnYpT0U0r6cOa/XyTtk6pzWq1d1SqN87yZIjkgh+SYOKROGuSSNEmLcKLJE3kmL9aj9Wq9We8/owUr39knf2B9fAN/b5Xe</latexit>

Re ' 17000

<latexit sha1_base64="2AtvNvE85zOBSmDWD3+Hbt02gLY="></latexit>8
><

>:

Ẋ(1)
t = v(X(1)

t , t)

Ẋ(2)
t = v(X(2)

t , t)+U(t)

U(t) = Vsn̂(t)
<latexit sha1_base64="piGsgmNzaPGypBuZ3Oy1TEkqzSc="></latexit>

v(X(2)
t , t) ' v(X(1)

t , t) +rvtRt

<latexit sha1_base64="5eppy6m1EREJqlXiLl748JT8ICw=">AAACG3icbVC7TsNAEDzzDOFloKQ5ESGoIhshoKCIoKEERBKk2LLWlw2ccn7obo2ErHwCn8BX0EJFh2gpKPgXbJOC1zQ7mtnV7k6YKmnIcd6ticmp6ZnZ2lx9fmFxadleWe2YJNMC2yJRib4MwaCSMbZJksLLVCNEocJuODwu/e4NaiOT+IJuU/QjuIrlQAqgQgrsLa+DmrgXJqpvbqOi8PMgp8AZfRmH3EOCYBjYDafpVOB/iTsmDTbGaWB/eP1EZBHGJBQY03OdlPwcNEmhcFT3MoMpiCFcYa+gMURo/Lx6aMQ3MwOU8BQ1l4pXIn6fyCEy5bVFZwR0bX57pfif18tocODnMk4zwliUi0gqrBYZoWWRFPK+1EgE5eXIZcwFaCBCLTkIUYhZEV29yMP9/f1f0tlpunvN3bPdRutonEyNrbMNts1cts9a7ISdsjYT7I49sEf2ZN1bz9aL9frVOmGNZ9bYD1hvnzjVoRQ=</latexit>

kRt0k < ⌘kLINEAR REGIME

<latexit sha1_base64="pzQKS7EAKyIdWsB0muWy9Irtu9E="></latexit>

Ṙt = rvtRt +U(t)



𝑇! =Capture time: (time of arrival at the desired distance)

PDF of normalized capture time

Optimal Control vs heuristic policies in linear regime

PRELIMINARY UNPUBLISHED 

<latexit sha1_base64="h9Y1GFTThGI2sPQ1uwKSixqzSN8="></latexit>

Ṙt = rvtRt +U(t)



<latexit sha1_base64="hMBgxDFLxwfVKGAGEztODaLGSP4=">AAACDXicbVA9SwNBEN3zM8avqJXYLAbBKtxJUMugjWUE8wFJCHObSVyyt3fszgXCEfwJ/gpbrezE1t9g4X/xLqbQxNfM470ZZub5kZKWXPfTWVpeWV1bz23kN7e2d3YLe/t1G8ZGYE2EKjRNHywqqbFGkhQ2I4MQ+Aob/vA68xsjNFaG+o7GEXYCGGjZlwIolbqFw7YGXwFP2n6oenYcpIWPJl3KdwtFt+ROwReJNyNFNkO1W/hq90IRB6hJKLC25bkRdRIwJIXCSb4dW4xADGGArZRqCNB2kukLE34SW6CQR2i4VHwq4u+JBAKbXZd2BkD3dt7LxP+8Vkz9y04idRQTapEtIqlwusgKI9NskPekQSLILkcuNRdggAiN5CBEKsZpWFke3vz3i6R+VvLOS+XbcrFyNUsmx47YMTtlHrtgFXbDqqzGBHtgT+yZvTiPzqvz5rz/tC45s5kD9gfOxzf4Q5ur</latexit>rvt

<latexit sha1_base64="hMBgxDFLxwfVKGAGEztODaLGSP4=">AAACDXicbVA9SwNBEN3zM8avqJXYLAbBKtxJUMugjWUE8wFJCHObSVyyt3fszgXCEfwJ/gpbrezE1t9g4X/xLqbQxNfM470ZZub5kZKWXPfTWVpeWV1bz23kN7e2d3YLe/t1G8ZGYE2EKjRNHywqqbFGkhQ2I4MQ+Aob/vA68xsjNFaG+o7GEXYCGGjZlwIolbqFw7YGXwFP2n6oenYcpIWPJl3KdwtFt+ROwReJNyNFNkO1W/hq90IRB6hJKLC25bkRdRIwJIXCSb4dW4xADGGArZRqCNB2kukLE34SW6CQR2i4VHwq4u+JBAKbXZd2BkD3dt7LxP+8Vkz9y04idRQTapEtIqlwusgKI9NskPekQSLILkcuNRdggAiN5CBEKsZpWFke3vz3i6R+VvLOS+XbcrFyNUsmx47YMTtlHrtgFXbDqqzGBHtgT+yZvTiPzqvz5rz/tC45s5kD9gfOxzf4Q5ur</latexit>rvt

<latexit sha1_base64="hMBgxDFLxwfVKGAGEztODaLGSP4=">AAACDXicbVA9SwNBEN3zM8avqJXYLAbBKtxJUMugjWUE8wFJCHObSVyyt3fszgXCEfwJ/gpbrezE1t9g4X/xLqbQxNfM470ZZub5kZKWXPfTWVpeWV1bz23kN7e2d3YLe/t1G8ZGYE2EKjRNHywqqbFGkhQ2I4MQ+Aob/vA68xsjNFaG+o7GEXYCGGjZlwIolbqFw7YGXwFP2n6oenYcpIWPJl3KdwtFt+ROwReJNyNFNkO1W/hq90IRB6hJKLC25bkRdRIwJIXCSb4dW4xADGGArZRqCNB2kukLE34SW6CQR2i4VHwq4u+JBAKbXZd2BkD3dt7LxP+8Vkz9y04idRQTapEtIqlwusgKI9NskPekQSLILkcuNRdggAiN5CBEKsZpWFke3vz3i6R+VvLOS+XbcrFyNUsmx47YMTtlHrtgFXbDqqzGBHtgT+yZvTiPzqvz5rz/tC45s5kD9gfOxzf4Q5ur</latexit>rvt

<latexit sha1_base64="hMBgxDFLxwfVKGAGEztODaLGSP4=">AAACDXicbVA9SwNBEN3zM8avqJXYLAbBKtxJUMugjWUE8wFJCHObSVyyt3fszgXCEfwJ/gpbrezE1t9g4X/xLqbQxNfM470ZZub5kZKWXPfTWVpeWV1bz23kN7e2d3YLe/t1G8ZGYE2EKjRNHywqqbFGkhQ2I4MQ+Aob/vA68xsjNFaG+o7GEXYCGGjZlwIolbqFw7YGXwFP2n6oenYcpIWPJl3KdwtFt+ROwReJNyNFNkO1W/hq90IRB6hJKLC25bkRdRIwJIXCSb4dW4xADGGArZRqCNB2kukLE34SW6CQR2i4VHwq4u+JBAKbXZd2BkD3dt7LxP+8Vkz9y04idRQTapEtIqlwusgKI9NskPekQSLILkcuNRdggAiN5CBEKsZpWFke3vz3i6R+VvLOS+XbcrFyNUsmx47YMTtlHrtgFXbDqqzGBHtgT+yZvTiPzqvz5rz/tC45s5kD9gfOxzf4Q5ur</latexit>rvt

<latexit sha1_base64="PPqqEFWm096ZOWF4HwYloJk3w+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrJRBJQRNJQBERIpsaL1ZRNOOT90t44UWfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60Siura+sb5c3K1vbO7l51/+DBhLEW2BahCnXXA4NKBtgmSQq7kUbwPYUdb3Kd+Z0paiPD4J5mEbo+jAM5kgIole6oMqjW7Lqdgy8TpyA1VqA1qH71h6GIfQxIKDCm59gRuQlokkLhvNKPDUYgJjDGXkoD8NG4SZ50zk9iAxTyCDWXiuci/t5IwDdm5nvppA/0aBa9TPzP68U0unQTGUQxYSCyQyQV5oeM0DKtAPlQaiSCLDlyGXABGohQSw5CpGKcdpL14Sx+v0wezurOeb1x26g1r4pmyuyIHbNT5rAL1mQ3rMXaTLARe2LP7MWaWq/Wm/X+M1qyip1D9gfWxze4NJGa</latexit>

t

<latexit sha1_base64="PPqqEFWm096ZOWF4HwYloJk3w+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrJRBJQRNJQBERIpsaL1ZRNOOT90t44UWfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60Siura+sb5c3K1vbO7l51/+DBhLEW2BahCnXXA4NKBtgmSQq7kUbwPYUdb3Kd+Z0paiPD4J5mEbo+jAM5kgIole6oMqjW7Lqdgy8TpyA1VqA1qH71h6GIfQxIKDCm59gRuQlokkLhvNKPDUYgJjDGXkoD8NG4SZ50zk9iAxTyCDWXiuci/t5IwDdm5nvppA/0aBa9TPzP68U0unQTGUQxYSCyQyQV5oeM0DKtAPlQaiSCLDlyGXABGohQSw5CpGKcdpL14Sx+v0wezurOeb1x26g1r4pmyuyIHbNT5rAL1mQ3rMXaTLARe2LP7MWaWq/Wm/X+M1qyip1D9gfWxze4NJGa</latexit>

t

<latexit sha1_base64="PPqqEFWm096ZOWF4HwYloJk3w+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrJRBJQRNJQBERIpsaL1ZRNOOT90t44UWfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60Siura+sb5c3K1vbO7l51/+DBhLEW2BahCnXXA4NKBtgmSQq7kUbwPYUdb3Kd+Z0paiPD4J5mEbo+jAM5kgIole6oMqjW7Lqdgy8TpyA1VqA1qH71h6GIfQxIKDCm59gRuQlokkLhvNKPDUYgJjDGXkoD8NG4SZ50zk9iAxTyCDWXiuci/t5IwDdm5nvppA/0aBa9TPzP68U0unQTGUQxYSCyQyQV5oeM0DKtAPlQaiSCLDlyGXABGohQSw5CpGKcdpL14Sx+v0wezurOeb1x26g1r4pmyuyIHbNT5rAL1mQ3rMXaTLARe2LP7MWaWq/Wm/X+M1qyip1D9gfWxze4NJGa</latexit>

t

<latexit sha1_base64="PPqqEFWm096ZOWF4HwYloJk3w+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrJRBJQRNJQBERIpsaL1ZRNOOT90t44UWfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60Siura+sb5c3K1vbO7l51/+DBhLEW2BahCnXXA4NKBtgmSQq7kUbwPYUdb3Kd+Z0paiPD4J5mEbo+jAM5kgIole6oMqjW7Lqdgy8TpyA1VqA1qH71h6GIfQxIKDCm59gRuQlokkLhvNKPDUYgJjDGXkoD8NG4SZ50zk9iAxTyCDWXiuci/t5IwDdm5nvppA/0aBa9TPzP68U0unQTGUQxYSCyQyQV5oeM0DKtAPlQaiSCLDlyGXABGohQSw5CpGKcdpL14Sx+v0wezurOeb1x26g1r4pmyuyIHbNT5rAL1mQ3rMXaTLARe2LP7MWaWq/Wm/X+M1qyip1D9gfWxze4NJGa</latexit>

t



Optimal Control

Heuristic policies

It is optimized
It is model based and needs perfect information from the environment
It is sensitive to variation of the initial condition
It is difficult to consider a decision time in the control variable

They are not optimized
They need only partial information
They are stable wrt variation of the initial condition
They work also with a discrete decision time

Next step: Reinforcement Learning

It is optimized
It is model free
It needs partial information
It is data-hungry 

+
-
-
-

+
+

-
+
+
+

+

pros & cons

-

C. Calascibetta, L. Biferale, F. Borra, A. Celani, M. Cencini. Optimal Control tools to minimize dispersion in turbulent flows, (in preparation 2022).



Open questions:
1. How to control a multi-agent system to minimize turbulent dispersion in realistic 

geophysical flows (beyond the linear regime) ? 
2. Can we identify the key degrees-of-freedom to control the agents’ trajectories 

(key flow structures)?
3. Are the agents able to collaborate with each-other during the navigation?

Tools:
- We can use RL to control autonomous swimmers in a realistic way (i.e., with a 
limited knowledge of the underlying flow - only local or instantaneous features);
- We can use OC as a benchmark to test the RL solutions.

Conclusions

Smart two-way feedback

http://stilton.tnw.utwente.nl/people/stevensr/afid.html https://argo.ucsd.edu/

http://stilton.tnw.utwente.nl/people/stevensr/afid.html
https://argo.ucsd.edu/


Backup slides



Engineering applications:

Theoretical interests:
Turbulent flows

How to exploit coherent structures?

How to avoid (or exploit) intense fluctuations 
when navigating inside the flow?

Which is the best limited-control to 
navigate in such complex flows? 

Dispersion of particles 
in turbulent flows.

https://svs.gsfc.nasa.gov/3827

https://svs.gsfc.nasa.gov/3827


Lagrangian approach

𝐗̇ = 𝒗(𝐗#, 𝑡)

𝛿𝑅" = ‖𝐗"# − 𝐗"$‖

𝛿𝑅" ∼ 𝛿𝑅)	𝑒*"

𝜆 = lim	
'→)	

lim
+,!→-

1
𝑡
𝑙𝑛
𝛿𝑅'
𝛿𝑅-

⟨ 𝛿𝑅" +⟩ ∼ 𝑡,

⟨ 𝛿𝑅" +⟩ ∼ 𝐷-𝑡

Trajectories separation:

Dispersion at small scales(1) Dispersion at intermediate scales(2) Dispersion at large scales(3)
(Inertial range)

Lagrangian Chaos

Lyapunov exponent

non-differentiable 
velocity field

If                Fully Developed Turbulence
Richardson’s Dispersion 

𝑅𝑒 → ∞

Advection 
+

molecular diffusion

effective diffusion

(1)
(2)

(3)

Particles dispersion in complex flows

Eq. of motion of a tracer



Tools:
Optimal Control (OC) theory
Reinforcement Learning (RL)

Heuristic policies 

Control Theory

Heuristic 
policies



𝑇. = Capture time: (time of arriving at the desired distance)

Optimal Control vs heuristic policies at small scales
<latexit sha1_base64="h9Y1GFTThGI2sPQ1uwKSixqzSN8="></latexit>

Ṙt = rvtRt +U(t)



C. Calascibetta, L. Biferale, F. Borra, A. Celani, M. Cencini, Optimal Control tools to minimize dispersion in chaotic flows, (in preparation).

Problem setup

MAIN POINT: Different approaches for different range of scales:

Characteristic 
scale of the flow 

Small scales

Large scales

Tools:
(1) Heuristic policies
(2) Optimal Control (OC) theory
(3) Reinforcement Learning (RL)

2 AGENTS 

searcher

MOVING Target

P.(𝑡)

𝐔(𝑡)

capture

P9

P:

Goal: minimize the separation
in a finite time horizon

<latexit sha1_base64="q1KLo5H83oA7k0IoN/cPoqCDMLo="></latexit>8
><

>:

Ẋ(1)
t = v(X(1)

t , t)

Ẋ(2)
t = v(X(2)

t , t) +U(t)

U(t) = Vsn̂(t)

<latexit sha1_base64="E2xc12uVfU+CRbqVGKG4Nuhg9Xs=">AAACAHicbVC7TsNAEDyHVwivACXNiQgpNJGNIqBBRNBQBgknkRITnS+bcMr5bN2tkSIrDV9BCxUdouVPKPgXbJMCAlONZna1s+NHUhi07Q+rsLC4tLxSXC2trW9sbpW3d1omjDUHl4cy1B2fGZBCgYsCJXQiDSzwJbT98WXmt+9BGxGqG5xE4AVspMRQcIapdNvzQzmgbhUP6Rk975crds3OQf8SZ0YqZIZmv/zZG4Q8DkAhl8yYrmNH6CVMo+ASpqVebCBifMxG0E2pYgEYL8lTT+lBbBiGNAJNhaS5CD83EhYYMwn8dDJgeGfmvUz8z+vGODz1EqGiGEHx7BAKCfkhw7VI6wA6EBoQWZYcqFCUM80QQQvKOE/FOO2nlPbhzH//l7SOas5xrX5drzQuZs0UyR7ZJ1XikBPSIFekSVzCiSaP5Ik8Ww/Wi/VqvX2PFqzZzi75Bev9C/U+lYc=</latexit>

U(t) =?
<latexit sha1_base64="jlEc22zNFZj1juLSUvrxQvba2EE=">AAACKnicbVBNS8NAEN34WetX1aOXxSJUkJKIqBdB9OJRwdpCE8pkO7WLm03YnQgS+k/8Cf4Kr3ryVsSbP8SkFtTqu+zb92aYmRcmSlpy3aEzNT0zOzdfWigvLi2vrFbW1q9tnBqBDRGr2LRCsKikxgZJUthKDEIUKmyGt2eF37xDY2Wsr+g+wSCCGy17UgDlUqdy4PeBMj+MVdfeR/nD9aBGO8c1X8S27VMfCToU7PpW6u/vTqdSdevuCPwv8cakysa46FTe/W4s0gg1CQXWtj03oSADQ1IoHJT91GIC4hZusJ1TDRHaIBvdN+DbqQWKeYKGS8VHIv7syCCyxfZ5ZQTUt5NeIf7ntVPqHQWZ1ElKqEUxiKTC0SArjMyDQ96VBomg2By51FyAASI0koMQuZjmSZbzPLzJ6/+S6726d1Dfv9yvnpyOkymxTbbFasxjh+yEnbML1mCCPbAn9sxenEfn1Rk6b1+lU864Z4P9gvPxCQBNp8c=</latexit>

n̂(t) = (cos[✓t], sin[✓t])

<latexit sha1_base64="2Ji15KlsWAJWDBg+3TVmh3UfQM0="></latexit>(
Rt = X(2)

t �X(1)
t

L =
<latexit sha1_base64="ym/H09n78/v6OW1hks1dxSdjtHg=">AAACFXicbVC7TsNAEDyHVwgvAyXNQYREFdkoAsoIGgqKgMhDSqLofNmEU84P3a2RIis1n8BX0EJFh2ipKfgXzsYFJEyzo5ld7e54kRQaHefTKiwsLi2vFFdLa+sbm1v29k5Th7Hi0OChDFXbYxqkCKCBAiW0IwXM9yS0vPFF6rfuQWkRBrc4iaDns1EghoIzNFLf3u82QSHteqEc6IlvSnIz7WOujkb0qm+XnYqTgc4TNydlkqPet7+6g5DHPgTIJdO64zoR9hKmUHAJ01I31hAxPmYj6BgaMB90L8lemdLDWDMMaQSKCkkzEX5PJMzX6Z2m02d4p2e9VPzP68Q4POslIohihICni1BIyBZproTJCOhAKEBk6eVARUA5UwwRlKCMcyPGJrSSycOd/X6eNI8r7kmlel0t187zZIpkjxyQI+KSU1Ijl6ROGoSTB/JEnsmL9Wi9Wm/W+09rwcpndskfWB/fNfyfAw==</latexit>

kRtk � L

<latexit sha1_base64="YhhwnywQ5trUDPHAZkewR1+I2+s=">AAACFXicbVC7TsNAEDyHVwgvAyXNQYREFdkoAsoIGgqKgMhDiq3ofNmEU84P3a2RIis1n8BX0EJFh2ipKfgXbOMCEqbZ0cyudne8SAqNlvVplBYWl5ZXyquVtfWNzS1ze6etw1hxaPFQhqrrMQ1SBNBCgRK6kQLmexI63vgi8zv3oLQIg1ucROD6bBSIoeAMU6lv7jttUEgdL5QDPfHTktxM+1ioUtKrvlm1alYOOk/sglRJgWbf/HIGIY99CJBLpnXPtiJ0E6ZQcAnTihNriBgfsxH0UhowH7Sb5K9M6WGsGYY0AkWFpLkIvycS5uvszrTTZ3inZ71M/M/rxTg8cxMRRDFCwLNFKCTkizRXIs0I6EAoQGTZ5UBFQDlTDBGUoIzzVIzT0CppHvbs9/OkfVyzT2r163q1cV4kUyZ75IAcEZuckga5JE3SIpw8kCfyTF6MR+PVeDPef1pLRjGzS/7A+PgGRaufDQ==</latexit>

kRtk ⌧ L



(1) (semi) Heuristic policies

Trivial Policy: constantly chooses the direction that points towards the moving target,

Surfing Policy*: - constant gradients for a time 𝜏! (free parameter);
- maximization of the searcher displacement along the 𝑹" direction;   
- good for slowly varying 𝑹" (i.e. at large scales)

Perturbative Policy:  - 0th order OC with constant gradients for a time 𝜏# (free parameter) ; 
- valid at small scales

*Monthiller, Rémi, et al. Surfing on Turbulence: A Strategy for Planktonic Navigation. Phys. Rev. Lett. 129, 064502 (2022)

characteristic scale of the flow

<latexit sha1_base64="Egxav/8LUTucQDlV6BwxzhslyTo="></latexit>8
><

>:

Ẋ(1)
t = v(X(1)

t , t)

Ẋ(2)
t = v(X(2)

t , t) +U(t)

U(t) = Vsn̂(t)

<latexit sha1_base64="E2xc12uVfU+CRbqVGKG4Nuhg9Xs=">AAACAHicbVC7TsNAEDyHVwivACXNiQgpNJGNIqBBRNBQBgknkRITnS+bcMr5bN2tkSIrDV9BCxUdouVPKPgXbJMCAlONZna1s+NHUhi07Q+rsLC4tLxSXC2trW9sbpW3d1omjDUHl4cy1B2fGZBCgYsCJXQiDSzwJbT98WXmt+9BGxGqG5xE4AVspMRQcIapdNvzQzmgbhUP6Rk975crds3OQf8SZ0YqZIZmv/zZG4Q8DkAhl8yYrmNH6CVMo+ASpqVebCBifMxG0E2pYgEYL8lTT+lBbBiGNAJNhaS5CD83EhYYMwn8dDJgeGfmvUz8z+vGODz1EqGiGEHx7BAKCfkhw7VI6wA6EBoQWZYcqFCUM80QQQvKOE/FOO2nlPbhzH//l7SOas5xrX5drzQuZs0UyR7ZJ1XikBPSIFekSVzCiSaP5Ik8Ww/Wi/VqvX2PFqzZzi75Bev9C/U+lYc=</latexit>

U(t) =?

<latexit sha1_base64="2Ji15KlsWAJWDBg+3TVmh3UfQM0="></latexit>(
Rt = X(2)

t �X(1)
t

L =

<latexit sha1_base64="i9eZkG/peHynOEoeizgyySSkkkw=">AAACI3icbVA9TwJBEN3Db/xCLW02EhMsxDtj1MaEaGOJRoQECJlbBti4t3fZnTMxF36GP8FfYauVnbGx8L94hxQKvmZe3pvJzDw/UtKS6346uZnZufmFxaX88srq2nphY/PWhrERWBOhCk3DB4tKaqyRJIWNyCAEvsK6f3eR+fV7NFaG+oYeImwH0NeyJwVQKnUKB60BUNLyQ9W1D0FauB6WaI+f8f0p53rYoU6h6JbdEfg08cakyMaodgpfrW4o4gA1CQXWNj03onYChqRQOMy3YosRiDvoYzOlGgK07WT02JDvxhYo5BEaLhUfifh7IoHAZselnQHQwE56mfif14ypd9pOpI5iQi2yRSQVjhZZYWSaGPKuNEgE2eXIpeYCDBChkRyESMU4jTCf5uFNfj9Nbg/L3nH56OqoWDkfJ7PIttkOKzGPnbAKu2RVVmOCPbJn9sJenSfnzXl3Pn5ac854Zov9gfP1DePopJk=</latexit>

n̂(t) = �R̂t

<latexit sha1_base64="A3GrulGcWo+x7mzEY6nBZs9d+Yc="></latexit>

n̂(t) = �
⇥
e(⌧p�t)rvt0

⇤T · e(rv)t0⌧p · R̂t0

k
⇥
e(⌧p�t)rvt0

⇤T · e(rv)t0⌧p · R̂t0k

<latexit sha1_base64="RYJTJtywmazINYI02t1v0Mybjz0="></latexit>

n̂(t) = �
⇥
e(⌧s�t)rvt0

⇤T · R̂t0

k
⇥
e(⌧s�t)rvt0

⇤T · R̂t0k



<latexit sha1_base64="mXZvSaDUpu+F4kwUaaJdbArFSFM="></latexit>

Ẋ(2)
t = vt0 + (rv)t0 ·

�
X(2)

t �X(2)
t0

�
+
⇣@v
@t

⌘

t0
(t� t0) + Vsn̂(t)

<latexit sha1_base64="08Ld/EPz7Z0GSQr283DYAo23iFI="></latexit>

X(2)
⌧s =X(2)

t0 +
⇥
e⌧s(rv)t0 � I

⇤
· (rvt0)

�1 ·
h
vt0 + (rvt0)

�1 ·
⇣@v
@t

⌘

t0

i
�

� ⌧s(rvt0)
�1 ·

⇣@v
@t

⌘

t0
+ Vs

Z ⌧s

t0

dt e(⌧s�t)rvt0 · n̂(t)

<latexit sha1_base64="m0iW6b8/3TFecTUn9lg6NqnbCoY="></latexit>

find n̂(t) such as � (X(2)
⌧s �X(2)

t0 ) · R̂t0 is maximum,

<latexit sha1_base64="fbY89SzStB32agKeBAcjZYhYONo="></latexit>

�[e(⌧s�t)rvt0 ]T · R̂t0 · n̂(t)

<latexit sha1_base64="FVcHwpTaSQ37oBUemk+b8EN/BKY="></latexit>

n̂(t) must be collinear to � [e(⌧s�t)rvt0 ]T · R̂t0

<latexit sha1_base64="RYJTJtywmazINYI02t1v0Mybjz0="></latexit>

n̂(t) = �
⇥
e(⌧s�t)rvt0

⇤T · R̂t0

k
⇥
e(⌧s�t)rvt0

⇤T · R̂t0k

<latexit sha1_base64="Gz9Tgo4qlEk83SqQ3FO8jYifRAY="></latexit>

means find n̂(t) such that�
Z ⌧s

t0

dt
⇥
e(⌧s�t)rvt0 · n̂(t) · R̂t0

⇤
is maximum (i.e. by maximizing the integrand).

*Monthiller, Rémi, et al. Surfing on Turbulence: A Strategy for Planktonic Navigation. Phys. Rev. Lett. 129, 064502 (2022)

Surfing policy* - derivation



Observe that this is a constrained minimization 

Lagrangian multipliers

We impose minimum in      i.e., 

(2) Optimal Control theory – Pontryagin minimum principle

<latexit sha1_base64="r8JjNT2RJaNXlr8GLd0cZFNdIOw="></latexit>

J = CF

�
X(tf )

�
+

Z tf

t0

dt [L(X(t),U(t), t)]
Lagrangian function

Minimize

Imposing 
and other possible constraints, 
e.g.: 

state variables  

performance index
<latexit sha1_base64="TFUufS5UW1eADCiGCJl1XjKnnT0=">AAACLHicbZDLSsNAFIYn3q23qEs3g0WoICWRot0IRTcuKxgttKFMpqc6dHJh5kQooa/iI/gUbnXlRsStz+EkzUKtZzMf/3+Gc84fJFJodJx3a25+YXFpeWW1sra+sbllb+/c6DhVHDwey1h1AqZBigg8FCihkyhgYSDhNhhd5P7tAygt4ugaxwn4IbuLxFBwhkbq283eIMasF8RyQDuTPp4VqMeheeiwVho1PDyiU/YKxsO+XXXqTlF0FtwSqqSsdt/+NKN4GkKEXDKtu66ToJ8xhYJLmFR6qYaE8RG7g67BiIWg/ay4cEIPUs0wpgkoKiQtRPj5I2Ohzpc2nSHDe/3Xy8X/vG6Kw6afiShJESKeD0IhoRikuRImOqADoQCR5ZsDFRHlTDFEUIIyzo2YmiwrJg/37/WzcHNcd0/qjatGtXVeJrNC9sg+qRGXnJIWuSRt4hFOHskzeSGv1pP1Zn1Yn9PWOav8s0t+lfX1DSnwpnA=</latexit>

Ẋt = f(X(t),U(t), t)

<latexit sha1_base64="ZjthgP4g5Nz/S90jwlfD/870bc4="></latexit>(
X(tf ) = X? , X(t0)  X? ,

kU(t)k2 = 1 , kU(t)k2  1 , exc.

<latexit sha1_base64="uN/sEH8qAYdCiEyMsyR858/CNFI="></latexit>

J̃ = CF

�
X(tf )

�
+

Z tf

t0

dt [L(X(t),U(t), t) + �T·(f � Ẋ) + ...]

<latexit sha1_base64="0KwKMjwTshjb8YlHMPWyBZ7dP3U="></latexit>

+µ(t)(1� kU(t)k2)

<latexit sha1_base64="PS9oQEdSDYeSe8ekLwLpXyhNRJ0=">AAACMnicbVDLSgNBEJyN7/iKevQyGIQIIexKUE8ievGoYGIgG0LvbKtDZh/M9Aoh+Dd+gl/hVS8KHsSrH+FsElCjdZmiqnu6u4JUSUOu++IUpqZnZufmF4qLS8srq6W19aZJMi2wIRKV6FYABpWMsUGSFLZSjRAFCi+D3knuX96iNjKJL6ifYieC61heSQFkpW7p0A8SFfJWxRdhQjtVvzoSGhOC6Uf28ZX9OYRvr1squzV3CP6XeGNSZmOcdUtvfpiILMKYhAJj2p6bUmcAmqRQeFf0M4MpiB5cY9vSGCI0ncHwzju+nRmghKeouVR8KOLPjgFEJl/UVkZAN2bSy8X/vHZGVwedgYzTjDAW+SCSCoeDjNDSBog8lBqJIN8cuYy5AA1EqCUHIayY2USLNg9v8vq/pLlb8/Zq9fN6+eh4nMw822RbrMI8ts+O2Ck7Yw0m2D17ZE/s2XlwXp1352NUWnDGPRvsF5zPL/SPqP0=</latexit>

X(·), U(·), �(·),
<latexit sha1_base64="1DAqxHGTnZRkXExHdDSy+rpmmso=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIVJGNIkBUETSIKkjkIcVWdD5vwinnB3drpMhKyVfQQkWHaPkQCv4Fx7iAhKlGM7va2fFiKTRa1qdRWlpeWV0rr1c2Nre2q+bObkdHieLQ5pGMVM9jGqQIoY0CJfRiBSzwJHS98eXM7z6A0iIKb3ESgxuwUSiGgjPMpIFZ9R0U0gd67Ui4t84HZs2qWznoIrELUiMFWgPzy/EjngQQIpdM675txeimTKHgEqYVJ9EQMz5mI+hnNGQBaDfNg0/pYaIZRjQGRYWkuQi/N1IWaD0JvGwyYHin572Z+J/XT3B45qYijBOEkM8OZV9CfkhzJbJGgPpCASKbJQcqQsqZYoigBGWcZ2KSVVTJ+rDnv18kneO6fVJv3DRqzYuimTLZJwfkiNjklDTJFWmRNuEkIU/kmbwYj8ar8Wa8/4yWjGJnj/yB8fENqieXEw==</latexit>

dJ̃  0 :
<latexit sha1_base64="Pqc1aZ3fps3nIUSxRRq/JLpKMsE="></latexit>8
>>>>>><

>>>>>>:

�J̃
�X(t) = 0 =) �̇ = �@XL� (@Xf)T�(t) ,

�J̃
�X(tf )

= 0 =) �(tf ) = @XCF

�
X(tf )

�
,

�J̃
�U(X,t) = 0 =) U(X, t) = @UL+(@Uf)T�(t)

2µ(t) .

control variables  

*computationally heavy
It requires iterative searching with
backward and forward integration
such as to identify the optimal control

*Lenhart, S., & Workman, J.T. (2007). Optimal Control Applied to Biological Models (1st ed.). Chapman and Hall/CRC.



We impose minimum in 𝒙 ⋅ , 𝒖 ⋅ , 𝝀 ⋅ , i.e., 𝑑 A𝐽 ≤ 0 ∶

𝛿 A𝐽
𝛿𝒙(𝑡) 	= 0	 ⇒ 𝝀̇ = −𝝏𝒙𝐿 − 𝝏𝒙𝑓 0𝝀 𝑡 	 ,

𝛿 A𝐽
𝛿𝒙(𝑡&)

= 0	 ⇒ 𝝀 𝑡& = 𝝏𝒙𝐶1 𝒙 𝑡& ,

2 34
2𝒖(𝒙,")

= 0	 ⇒ 𝒖⋆ 𝒙, 𝑡 = 𝝏𝒖;<(𝝏𝒖𝒇)"𝝀(")	
+@ "

 .  

(∗)

In our case:

(2) Optimal Control theory to minimize Lagrangian particles dispersion in turbulent flows

Minimize

Imposing 
and other possible constraints, 
e.g.: 

state variables  

performance index

control variables  
<latexit sha1_base64="55j2Gj0MOuf8W8AAibMGtJtplR0="></latexit>

J = CF

�
X(tf )

�
+

Z tf

t0

dt [L(X(t),U(t), t)]

<latexit sha1_base64="TFUufS5UW1eADCiGCJl1XjKnnT0=">AAACLHicbZDLSsNAFIYn3q23qEs3g0WoICWRot0IRTcuKxgttKFMpqc6dHJh5kQooa/iI/gUbnXlRsStz+EkzUKtZzMf/3+Gc84fJFJodJx3a25+YXFpeWW1sra+sbllb+/c6DhVHDwey1h1AqZBigg8FCihkyhgYSDhNhhd5P7tAygt4ugaxwn4IbuLxFBwhkbq283eIMasF8RyQDuTPp4VqMeheeiwVho1PDyiU/YKxsO+XXXqTlF0FtwSqqSsdt/+NKN4GkKEXDKtu66ToJ8xhYJLmFR6qYaE8RG7g67BiIWg/ay4cEIPUs0wpgkoKiQtRPj5I2Ohzpc2nSHDe/3Xy8X/vG6Kw6afiShJESKeD0IhoRikuRImOqADoQCR5ZsDFRHlTDFEUIIyzo2YmiwrJg/37/WzcHNcd0/qjatGtXVeJrNC9sg+qRGXnJIWuSRt4hFOHskzeSGv1pP1Zn1Yn9PWOav8s0t+lfX1DSnwpnA=</latexit>

Ẋt = f(X(t),U(t), t)

<latexit sha1_base64="Ff8pdtGw8PnCdMdFDlO9Z3dkWR4="></latexit>(
X(tf ) = X? , X(t0)  X? ,

kU(t)k2 = 1 , kU(t)k2  1 , exc.

<latexit sha1_base64="Egxav/8LUTucQDlV6BwxzhslyTo="></latexit>8
><

>:

Ẋ(1)
t = v(X(1)

t , t)

Ẋ(2)
t = v(X(2)

t , t) +U(t)

U(t) = Vsn̂(t)

capture’s distance

Minimize

Imposing  (∗) and the control constraint  

<latexit sha1_base64="fJg48k2JdLJVtzSjlCn7FaxXQvI=">AAACOnicbVDLSgNBEJz1GeMr6tHLYBA8xV0J6kUICuJRxUQhG5feSScOmX0w0yuEJX/kJ/gV3kS9eBOvfoC7cQ++6tJFVTfdXX6spCHbfrQmJqemZ2ZLc+X5hcWl5crKastEiRbYFJGK9JUPBpUMsUmSFF7FGiHwFV76g6Pcv7xFbWQUXtAwxk4A/VD2pADKJK9y7LZQE3f9SHXNMMgKP792DYHmX84B/6fDS8mzR4Wz7di2V6naNXsM/pc4BamyAqde5cXtRiIJMCShwJi2Y8fUSUGTFApHZTcxGIMYQB/bGQ0hQNNJx/+O+GZigCIeo+ZS8bGI3ydSCEx+atYZAN2Y314u/ue1E+rtd1IZxglhKPJFJBWOFxmhZRYk8q7USAT55chlyAVoIEItOQiRiUmWbDnLw/n9/V/S2qk5u7X6Wb3aOCySKbF1tsG2mMP2WIOdsFPWZILdsQf2xJ6te+vVerPev1onrGJmjf2A9fEJO4msng==</latexit>

kR?k = kRt0k/100

<latexit sha1_base64="XQgrw1nRBw52Iq55btbkBm02GvU=">AAACG3icbVC7TsNAEDzzDOEVoKQ5ESGgiWyEgAYJQUMZJBKQ4hCtL5vkxPls3a2RkJVP4BP4Clqo6BAtBQX/gm1SQGCaHc3sancniJW05LofzsTk1PTMbGmuPL+wuLRcWVlt2igxAhsiUpG5CsCikhobJEnhVWwQwkDhZXBzmvuXt2isjPQF3cXYDqGvZU8KoEzqVLb8Jhri/gAo9YNIde1dmBWuh9u0U3jXu/yIe51K1a25Bfhf4o1IlY1Q71Q+/W4kkhA1CQXWtjw3pnYKhqRQOCz7icUYxA30sZVRDSHadlo8NOSbiQWKeIyGS8ULEX9OpBDa/NCsMwQa2HEvF//zWgn1Dtup1HFCqEW+iKTCYpEVRmZJIe9Kg0SQX45cai7AABEayUGITEyy6MpZHt74939Jc7fm7df2zveqxyejZEpsnW2wbeaxA3bMzlidNZhg9+yRPbFn58F5cV6dt+/WCWc0s8Z+wXn/Amv5oI4=</latexit>

kn̂(t)k2 = 1

Minimize trajectories’ separation

Minimize time of arrival at the desired distance

border of controllability
<latexit sha1_base64="mgtYiyHftViNdwqPzgGnutk1g2o="></latexit>

kRt0k ⇠ Vs

�lyapunov

<latexit sha1_base64="2raquQM4xMGTSBya5tDROUXv6ec="></latexit>

J = kRtf k2+c

Z tf

t0

dt ✓(kRtk2 � kR?k2)



(2) Optimal Control theory – Pontryagin minimum principle

Minimize

Imposing 
and other possible constraints, 
e.g.: 

state variables  

performance index

control variables  

(∗)
In our case:

Minimize

Imposing  (∗) and the control constraint  
LINEAR REGIME

• Model based and analytical tool

• Perfect knowledge required

border of controllability

<latexit sha1_base64="55j2Gj0MOuf8W8AAibMGtJtplR0="></latexit>

J = CF

�
X(tf )

�
+

Z tf

t0

dt [L(X(t),U(t), t)]

<latexit sha1_base64="TFUufS5UW1eADCiGCJl1XjKnnT0=">AAACLHicbZDLSsNAFIYn3q23qEs3g0WoICWRot0IRTcuKxgttKFMpqc6dHJh5kQooa/iI/gUbnXlRsStz+EkzUKtZzMf/3+Gc84fJFJodJx3a25+YXFpeWW1sra+sbllb+/c6DhVHDwey1h1AqZBigg8FCihkyhgYSDhNhhd5P7tAygt4ugaxwn4IbuLxFBwhkbq283eIMasF8RyQDuTPp4VqMeheeiwVho1PDyiU/YKxsO+XXXqTlF0FtwSqqSsdt/+NKN4GkKEXDKtu66ToJ8xhYJLmFR6qYaE8RG7g67BiIWg/ay4cEIPUs0wpgkoKiQtRPj5I2Ohzpc2nSHDe/3Xy8X/vG6Kw6afiShJESKeD0IhoRikuRImOqADoQCR5ZsDFRHlTDFEUIIyzo2YmiwrJg/37/WzcHNcd0/qjatGtXVeJrNC9sg+qRGXnJIWuSRt4hFOHskzeSGv1pP1Zn1Yn9PWOav8s0t+lfX1DSnwpnA=</latexit>

Ẋt = f(X(t),U(t), t)

<latexit sha1_base64="Ff8pdtGw8PnCdMdFDlO9Z3dkWR4="></latexit>(
X(tf ) = X? , X(t0)  X? ,

kU(t)k2 = 1 , kU(t)k2  1 , exc.

<latexit sha1_base64="fJg48k2JdLJVtzSjlCn7FaxXQvI=">AAACOnicbVDLSgNBEJz1GeMr6tHLYBA8xV0J6kUICuJRxUQhG5feSScOmX0w0yuEJX/kJ/gV3kS9eBOvfoC7cQ++6tJFVTfdXX6spCHbfrQmJqemZ2ZLc+X5hcWl5crKastEiRbYFJGK9JUPBpUMsUmSFF7FGiHwFV76g6Pcv7xFbWQUXtAwxk4A/VD2pADKJK9y7LZQE3f9SHXNMMgKP792DYHmX84B/6fDS8mzR4Wz7di2V6naNXsM/pc4BamyAqde5cXtRiIJMCShwJi2Y8fUSUGTFApHZTcxGIMYQB/bGQ0hQNNJx/+O+GZigCIeo+ZS8bGI3ydSCEx+atYZAN2Y314u/ue1E+rtd1IZxglhKPJFJBWOFxmhZRYk8q7USAT55chlyAVoIEItOQiRiUmWbDnLw/n9/V/S2qk5u7X6Wb3aOCySKbF1tsG2mMP2WIOdsFPWZILdsQf2xJ6te+vVerPev1onrGJmjf2A9fEJO4msng==</latexit>

kR?k = kRt0k/100

<latexit sha1_base64="mgtYiyHftViNdwqPzgGnutk1g2o="></latexit>

kRt0k ⇠ Vs

�lyapunov

<latexit sha1_base64="XQgrw1nRBw52Iq55btbkBm02GvU=">AAACG3icbVC7TsNAEDzzDOEVoKQ5ESGgiWyEgAYJQUMZJBKQ4hCtL5vkxPls3a2RkJVP4BP4Clqo6BAtBQX/gm1SQGCaHc3sancniJW05LofzsTk1PTMbGmuPL+wuLRcWVlt2igxAhsiUpG5CsCikhobJEnhVWwQwkDhZXBzmvuXt2isjPQF3cXYDqGvZU8KoEzqVLb8Jhri/gAo9YNIde1dmBWuh9u0U3jXu/yIe51K1a25Bfhf4o1IlY1Q71Q+/W4kkhA1CQXWtjw3pnYKhqRQOCz7icUYxA30sZVRDSHadlo8NOSbiQWKeIyGS8ULEX9OpBDa/NCsMwQa2HEvF//zWgn1Dtup1HFCqEW+iKTCYpEVRmZJIe9Kg0SQX45cai7AABEayUGITEyy6MpZHt74939Jc7fm7df2zveqxyejZEpsnW2wbeaxA3bMzlidNZhg9+yRPbFn58F5cV6dt+/WCWc0s8Z+wXn/Amv5oI4=</latexit>

kn̂(t)k2 = 1

<latexit sha1_base64="N/xi3pLMR1ZsFW0x7aHHT2IWneI="></latexit>(
Ṙt = rvtRt +U(t) ,

U(t) = VSn̂(t) .

capture’s distance

Lagrangian function

<latexit sha1_base64="2raquQM4xMGTSBya5tDROUXv6ec="></latexit>

J = kRtf k2+c

Z tf

t0

dt ✓(kRtk2 � kR?k2)



Constrained minimization problem
Integrating by parts,

Optimal Control theory to minimize Lagrangian particles dispersion in turbulent flows

Constrained performance index:
<latexit sha1_base64="xaPGZ9GA6699xrw8sLOy9pyvn1k="></latexit>

J̃ =kRtf |2+
Z tf

t0

dt {c[✓(kRtk2 � kR?k2)] + �T(t)[rvtRt + Vsn̂(t)� Ṙ] + µ(t)(1� kn̂(t)k2)}

Consider variation in :
<latexit sha1_base64="jl2I/liduh778dhomLavHWc3hhI=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIRAsoIGkQVJPKQEis6XzbhlPPZulsjRSY/QQsVHaLlZyj4F87GBSRMNZrZ1c5OEEth0HU/ndLS8srqWnm9srG5tb1T3d1rmyjRHFo8kpHuBsyAFApaKFBCN9bAwkBCJ5hcZX7nAbQRkbrDaQx+yMZKjARnaKVuH4UcAr0ZVGtu3c1BF4lXkBop0BxUv/rDiCchKOSSGdPz3Bj9lGkUXMKs0k8MxIxP2Bh6lioWgvHTPO+MHiWGYURj0FRImovweyNloTHTMLCTIcN7M+9l4n9eL8HRhZ8KFScIimeH7H+QHzJcC1sE0KHQgMiy5ECFopxphghaUMa5FRPbTMX24c1/v0jaJ3XvrH56e1prXBbNlMkBOSTHxCPnpEGuSZO0CCeSPJFn8uI8Oq/Om/P+M1pyip198gfOxzdLJJQw</latexit>

J̃

<latexit sha1_base64="XhU/RPJHph3nZmpXqA7ejCRWGP0="></latexit>

H(Rt,�(t), n̂(t), µ(t), t) = c[✓(kRtk2 � kR?k2)] + �T(t)[rvtRt + Vsn̂(t)] + µ(t)(1� kn̂(t)k2).

<latexit sha1_base64="AwsGzZINp1IXCcZlh/dYAJ3WtWc="></latexit>

J̃ = kRtf k2 � �T(tf )Rtf + �T(t0)Rt0 +

Z tf

t0

dt [H(Rt,�(t), n̂(t), µ(t), t) + �̇
T
Rt] ,

Euler-Lagrange
equations:

<latexit sha1_base64="tgYAFkLjT+iPkUl4/7x1jVZgFaM="></latexit>8
><

>:

Ṙt = rvtRt +U(t) ,

Rt0 = given ,

U(t) = VSn̂(t) .

Hamiltonian function

A. E. Bryson and Y. Ho, Applied optimal control: optimization, estimation and control (New York: Routledge, 1975).

<latexit sha1_base64="gFuqC35nj6eaip6ogWYTsD9IVts="></latexit>8
><

>:

�̇ = �@H

@R = �2cRt�(kRtk2 � kR?k2)� (rvt)T�(t) ,

�(tf ) = 2Rtf ,
@H

@n̂ = 0 =) n̂(t) = Vs�(t)
2µ(t) = � �(t)

k�(t)k .

<latexit sha1_base64="2aX8/0KI/nGsaX9BGoIvymBHEIs="></latexit>

�J̃ =
h�
2Rt � �T(t)

�
�R

i

t=tf
+

h
�T(t)�R

i

t=t0
+

Z tf

t0

dt

nh
@H

@R
+ �̇

T
i
�R+

@H

@n̂
�n̂

o



Euler-Lagrange
equations:

<latexit sha1_base64="tgYAFkLjT+iPkUl4/7x1jVZgFaM="></latexit>8
><

>:

Ṙt = rvtRt +U(t) ,

Rt0 = given ,

U(t) = VSn̂(t) .

Forward integration

Lenhart, S., & Workman, J.T. (2007). Optimal Control Applied to Biological Models (1st ed.). Chapman and Hall/CRC.

backward integration

computationally heavy
It requires iterative searching  with backward and forward 

integration such as to identify the optimal control  

Forward
 

Backward

control
update

<latexit sha1_base64="2NgFqKGh9jcgM6mqJlccEPx+35E=">AAACB3icbVC7TsMwFHXKq5RXoCOLRYXEVCWoAsYKFsaC6ENqo8pxb4tV5yH7BqmK+gF8BStMbIiVz2DgX3BCBmg5i4/OfR0fP5ZCo+N8WqWV1bX1jfJmZWt7Z3fP3j/o6ChRHNo8kpHq+UyDFCG0UaCEXqyABb6Erj+9yurdB1BaROEdzmLwAjYJxVhwhkYa2tXBKMJ04EdypGeBeejtfGjXnLqTgy4TtyA1UqA1tL/MFp4EECKXTOu+68TopUyh4BLmlUGiIWZ8yibQNzRkAWgvzc3P6XGiGUY0BkWFpLkIvydSFujMmukMGN7rxVom/lfrJzi+8FIRxglCyLNDKCTkhzRXwqQCdCQUILLMOVARUs4UQwQlKOPciImJqWLycBd/v0w6p3X3rN64adSal0UyZXJIjsgJcck5aZJr0iJtwsmMPJFn8mI9Wq/Wm/X+01qyipkq+QPr4xsLfpmX</latexit>

Ṙ

<latexit sha1_base64="rsxLnK+6MI5KVj/Xl+BbutmkxUs=">AAACDXicbVDLSgNBEJyNrxhfUU/iZTAInsKuBPUY9OIxgnlAEkLvpBOHzD6Y6RXCEvwEv8KrnryJV7/Bg//ibMxBE+syRVX3dHf5sZKGXPfTyS0tr6yu5dcLG5tb2zvF3b2GiRItsC4iFemWDwaVDLFOkhS2Yo0Q+Aqb/ugq85v3qI2Mwlsax9gNYBjKgRRAVuoVDzr9iNKOH6m+GQf24R1lu/sw6RVLbtmdgi8Sb0ZKbIZar/hl/xJJgCEJBca0PTembgqapFA4KXQSgzGIEQyxbWkIAZpuOj1hwo8TAxTxGDWXik9F/N2RQmCyBW1lAHRn5r1M/M9rJzS46KYyjBPCUGSDSCqcDjJCS5sN8r7USATZ5shlyAVoIEItOQhhxcSGVbB5ePPXL5LGadk7K1duKqXq5SyZPDtkR+yEeeycVdk1q7E6E+yBPbFn9uI8Oq/Om/P+U5pzZj377A+cj2/jUZw+</latexit>

�̇

Optimal Control theory to minimize Lagrangian particles dispersion in turbulent flows

<latexit sha1_base64="gFuqC35nj6eaip6ogWYTsD9IVts="></latexit>8
><

>:

�̇ = �@H

@R = �2cRt�(kRtk2 � kR?k2)� (rvt)T�(t) ,

�(tf ) = 2Rtf ,
@H

@n̂ = 0 =) n̂(t) = Vs�(t)
2µ(t) = � �(t)

k�(t)k .



Failures (no capture):

⟨‖𝑹𝒕‖⟩ ⟨ 𝑹𝒕 𝟐⟩ ⟨log 𝑹𝒕 ⟩

𝑹̇" = 𝛁𝒗"𝑹" + 𝐔(𝑡)Optimal Control vs heuristic policies at small scales
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𝑇! =Capture time: (time of arrival at the desired distance)

PDF of normalized capture time

Optimal Control vs heuristic policies in linear regime

PRELIMINARY UNPUBLISHED 

<latexit sha1_base64="h9Y1GFTThGI2sPQ1uwKSixqzSN8="></latexit>

Ṙt = rvtRt +U(t)



Heuristic policies in a 2d 
stochastic flow

(linear and non-linear regime)



Heuristic policies in a 2d stochastic flow

The Lagrangian 
dynamics is chaotic



Heuristic policies in a 2d stochastic flow

𝜏T, 𝜏U

2×10,

10,

0.0 0.2 0.4 0.6 0.8 1.0

𝐗'(
/ − 𝐗'(

.
/
	

𝐗'(
/ − 𝐗'(

.
/

01

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.1

0.2

0.3

0.4

0.5

0.6

𝑝𝑟
𝑜𝑏
𝑎𝑏
𝑖𝑙𝑖
𝑡𝑦
	𝑜
𝑓	
𝑐𝑎
𝑝𝑡
𝑢𝑟
𝑒

𝜏T, 𝜏U

Performance at small scales

• The surfing policy performs bad at small scales. 
• The perturbative policy performs well at small scales,  ∃	𝑏𝑒𝑠𝑡	𝜏# ≠ 0	.

There is a way to perform better than the Trivial Policy

𝑹"- ≪ 𝐿	

Trivial Policy



Heuristic policies in a 2d stochastic flow

𝜏T, 𝜏U

9×10./

10,

0.0 0.2 0.4 0.6 0.8 1.0

𝐗'(
/ − 𝐗'(

.
/
	

𝐗'(
/ − 𝐗'(

.
/
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𝑝𝑟
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𝑓	
𝑐𝑎
𝑝𝑡
𝑢𝑟
𝑒

𝜏T, 𝜏U

8×10./

• The surfing policy performs well  at large scales, ∃	𝑏𝑒𝑠𝑡	𝜏! ≠ 0	.
• The perturbative policy performs well at large scales,  ∃	𝑏𝑒𝑠𝑡	𝜏# ≠ 0	.

There is a way to perform better than the Trivial Policy

𝑹"- ≫ 𝐿	

Trivial Policy

Performance at large scales



Heuristic vs OC
Double gyre flow (2d)

(linear regime)



Optimal Control vs heuristic policies at small scales

Linear regime

Velocity field (double gyre flow*)

1
𝐗̇"$ 	 = 𝒗 𝐗"$ + 𝐔% 𝑡 	
𝐗̇"# 	 = 𝒗 𝐗"# + 𝐔 𝑡 	
𝐔 𝑡 = 𝑉& 6𝒏 𝑡 … .	 … .	

𝒗 𝐗"+ ≃ 𝒗 𝐗"C + 𝛁𝒗𝒕𝑹"

𝑹̇" = 𝛁𝒗𝒕𝑹" + 𝐔(𝑡)

*Krishna K, Song Z, Brunton SL. 2022 Finite-horizon, energy-efficient trajectories in unsteady flows. Proc. R. Soc. A 478: 20210255. 



𝑇! = Capture time: (time of arrival at the desired distance)

𝑹̇" = 𝛁𝒗"𝑹" + 𝐔(𝑡)

PDF of normalized capture time

Optimal Control vs heuristic policies in linear regime

Average of the Okubo Weiss parameter < 0 vorticity dominated
> 0 strain dominatedOW	 =



𝑇. = Capture time: (time of arriving at the desired distance)

𝑹̇" = 𝛁𝒗"𝑹" + 𝐔(𝑡)Optimal Control vs heuristic policies at small scales

𝑂𝑊 > 0
𝑂𝑊 ≃ 0
𝑂𝑊 < 0



Failures (no capture):

⟨‖𝑹𝒕‖⟩ ⟨ 𝑹𝒕 𝟐⟩ ⟨log 𝑹𝒕 ⟩

𝑹̇" = 𝛁𝒗"𝑹" + 𝐔(𝑡)Optimal Control vs heuristic policies at small scales



OC vs SurfingOC vs Trivial Policy OC vs Perturbative

Trajectories examples  𝑹̇" = 𝛁𝒗"𝑹" + 𝐔(𝑡)



Perturbation of the initial condition

Policies' stability 𝑹̇" = 𝛁𝒗"𝑹" + 𝐔(𝑡)



PDF (only capture episodes)


