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§  Processing of industrial 
colloids (polymers, metal 
oxides, minerals) 
Flocculation in waste water 
treatment 

10 µm	
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§  Evolution and transport of 
sediments and suspended 
mater in natural waters 
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This work: 
Dynamics of aggregate 
breakup in bounded and 
unbounded flows through 
numerical simulations. 

~ How many breakup 
events per unit time in 
a turbulently stirred 
suspension 

t	
 t + Δt	
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§  Aggregate size small with 
respect to η. 
Aggregate density ρa ≈ ρf 
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§  Aggregate size small with 
respect to η. 
Aggregate density ρa ≈ ρf 

Aggregate moves 
as a tracer 	


Hydrodynamic stress	
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§  Aggregate size small with 
respect to η. 
Aggregate density ρa ≈ ρf 

Aggregate moves 
as a tracer 	


Hydrodynamic stress	


§  Instant breakup when 
hydrodynamic stress 
exceeds critical stress σcr 

§  Critical stress σcr: 
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Aggregate moves 
as a tracer 	


§  Start with a stationary 
turbulent flow. 

§  At time t0, release aggregate 
at random in a certain region 
of the flow. 

§  Follow the aggregate until 
the first occurrence of ε > εcr. 

§  The time from release until 
breakup defines the  
exit-time 

§  Breakup-rate:   
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Flow configurations 
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Channel flow 

2πh	


4πh	


2h	


x	

z	


y	


Developing boundary  
layer flow 

θ

U∞ 

§  Rτ = uτh/ν = 150          
(uτ = shear velocity) 

§  Periodic in x and z, 
Resolution 128×128×129 

§  Rθ = U∞θ/ν = 200-2500 
(θ=momentum-loss 
thickness) 

§  Resolution  
4096×301×384 

E. Pitton, C. Marchioli, V. Lavezzo, A. Soldati, F. Toschi, Phys. Fluids 24 (2012) 073305  
G. Sardina, P. Schlatter, F. Picano, C.M. Casciola, L. Brandt, D.S. Henningson, J. Fluid Mech. 706 (2012) 584 

J. Bec, L. Biferale, A.S. Lanotte, A. Scagliarini, F. Toschi, J. Fluid Mech. 645 (2010) 497 

H.I.T. 

§  Resolution  
20483 

§  Reλ = 400 
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Seeding regions 
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Channel flow 

2πh	


4πh	


2h	


x	

z	


y	


Developing boundary  
layer flow 

θ

U∞ 

H.I.T. 
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§  Center-plane 

§  Near-wall region 

§  Inside the BL 

§  Outside the BL 

Aggregates  
are released 

homogenously 



Results 
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Boundary 
Layer Channel  

flow 
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§  Channel flow 
ε0=volume average 
τ0=(ν/ε0)1/2 

§  Boundary layer 
ε0=volume average  
inner seeding region 
τ0=(ν/ε0)1/2 
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Results 
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H.I.T. 

Boundary 
Layer Channel  

flow 
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§  Channel flow 
ε0=volume average 
τ0=(ν/ε0)1/2 

§  Boundary layer 
ε0=volume average  
inner seeding region 
τ0=(ν/ε0)1/2 

§  H.I.T. 
ε0=mean dissipation 
τ0=(ν/ε0)1/2 
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Results 

2014-09-16 EFMC10 

H.I.T. 

Synthetic 
turbulence  

Boundary 
Layer Channel  

flow 
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§  Channel flow 
ε0=volume average 
τ0=(ν/ε0)1/2 

§  Boundary layer 
ε0=volume average  
inner seeding region 
τ0=(ν/ε0)1/2 

§  H.I.T. 
ε0=mean dissipation 
τ0=(ν/ε0)1/2 

§  Synthetic turbulence 
ε0=mean dissipation 
τ0=acceleration timescale 
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Conclusions 

2014-09-16 EFMC10 

Babler et al. (2014) arxiv:1406.2842 

§  Breakup of weak aggregates exhibits a qualitatively similar 
power law behavior among the different flows. Inspection 
shows that weak aggregates break up in the close vicinity 
of the point of release. Fluctuations causing breakup are 
independent of the flow configuration. 

§  Breakup of strong aggregates is influenced by the mean 
flow profile and depends on the flow configuration. 

§  Breakup in bounded flows is the result of two competing 
effects: the systematic influence of the mean flow profile 
and the intermittent burst caused by turbulent fluctuations. 
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Flow configurations 

2014-09-16 EFMC10 

Channel flow 

2πh	


4πh	


2h	


x	

z	


y	


Developing boundary  
layer flow 

θ

U∞ 

H.I.T. 

§  Resolution  
20483 

§  Reλ = 400 
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Breakup location 

2014-09-16 EFMC10 

x	


y	


Breakup location in the 
boundary layer flow 

Breakup location in the 
channel flow. 
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Aggregate trajectories 
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Boundary Layer Flow Channel Flow 
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Synthetic Turbulence 
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10 M. U. Babler, et al.

namical evolution in a synthetic turbulent flow (STF), whose statistics can be controlled
a priori. This flow is built to mimic properties of stationary, homogeneous and isotropic
turbulence, however with an important and crucial difference: it has Gaussian statistics
for the velocity gradients. The STF is realized in a three dimensional periodic box of size
L = 2π with the velocity field written as a Fourier series:

u(x, t) =
∑

k

û
′

k(t)e
ikx . (2.8)

The Fourier coefficients obey û′

−k
= û′∗

k
; the star indicates the complex conjugate. The

summation in (2.8) goes over K = 1, . . . Kmax shells, each containing NK uniformly
distributed wave vectors of length |k| = K. Incompressibility of u(x, t) is ensured by
taking û′

k
as the projection of a different vector ûk on a plane perpendicular to k. The

vector ûk is evolved by a second order stochastic process, originally proposed by Sawford
(1991) to model Lagrangian dispersion. Evolving ûk by a second order stochastic process
results in a velocity field that is differentiable in time, which is a crucial property for
measuring temporal statistics such as the exit-time. In the second order process, the
spectral acceleration âk is given by the following stochastic differential equation:

dâk = −
âk

tη
dt−

ûk

tηtL
dt+

√

2σ2
k

t2ηtL
dW , (2.9)

where dW is an incremental Wiener process, tη and tL are the timescales of acceleration
and velocity, respectively, and σ2

k
is the variance of a component of ûk. Due to the

isotropy of the flow field, σ2
k
depends only on the modulus of k, i.e. σ2

k
= σ2

K , such that
the energy carried by all wave vectors of modulus K is EK = 3

2NKσ2
K , and the total

energy is E = 3
2 〈u

2〉 =
∑Kmax

K=1 EK . The spectral velocity ûk is simply:

dûk = âkdt . (2.10)

In the present simulations, we set Kmax = 1 (Bec 2005; Zahnow et al. 2011) and take
the mean velocity 〈u2〉1/2 small with respect to L/tL. For this choice of parameters, the
Lagrangian properties are fully determined by the evolution of the spectral coefficients.
Following Sawford (1991), the spectral acceleration decorrelates with ∼ tη while the
integral scale of the spectral velocity is equal to tL. This allows for interpreting tη as the
equivalent of the dissipative time scale in turbulence, and furthermore, it motivates to
estimate a small-scale Reynolds number for the STF, denoted as Reσ, as (Sawford 1991):

Reσ ∼ tL/tη , (2.11)

In this work, we set Reσ = 300 and use tη as the characteristic time scale for normaliz-
ing the breakup rate; the characteristic dissipation ε0 is taken as the mean dissipation
(table 1). Like in the other flows, the aggregate trajectory is obtained by integrating the
velocity field, (2.8), while the local dissipation is obtained from (2.3), setting the value of
the viscosity equal to unity. For measuring breakup rates, several very long trajectories
were simulated from which we then measured diving- times. From the diving-time, the
mean exit-time was obtained from an exact relation derived in Babler et al. (2012). The
breakup rate determined this way corresponds to the case were aggregates are released
homogeneously in the whole domain. The statistical database is as large as 1.5 × 106

diving events.
Before concluding this section, it is worthwhile stressing the main differences between

the STF presented here and a realistic turbulent flow. First, even though we can identify
two different time scales in the STF, the dissipation along an aggregate trajectory in
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−k
= û′∗
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u(x, t) =
∑

k

û
′

k(t)e
ikx . (2.8)

The Fourier coefficients obey û′

−k
= û′∗

k
; the star indicates the complex conjugate. The

summation in (2.8) goes over K = 1, . . . Kmax shells, each containing NK uniformly
distributed wave vectors of length |k| = K. Incompressibility of u(x, t) is ensured by
taking û′

k
as the projection of a different vector ûk on a plane perpendicular to k. The

vector ûk is evolved by a second order stochastic process, originally proposed by Sawford
(1991) to model Lagrangian dispersion. Evolving ûk by a second order stochastic process
results in a velocity field that is differentiable in time, which is a crucial property for
measuring temporal statistics such as the exit-time. In the second order process, the
spectral acceleration âk is given by the following stochastic differential equation:

dâk = −
âk

tη
dt−

ûk

tηtL
dt+

√

2σ2
k

t2ηtL
dW , (2.9)

where dW is an incremental Wiener process, tη and tL are the timescales of acceleration
and velocity, respectively, and σ2

k
is the variance of a component of ûk. Due to the

isotropy of the flow field, σ2
k
depends only on the modulus of k, i.e. σ2

k
= σ2

K , such that
the energy carried by all wave vectors of modulus K is EK = 3

2NKσ2
K , and the total

energy is E = 3
2 〈u

2〉 =
∑Kmax

K=1 EK . The spectral velocity ûk is simply:

dûk = âkdt . (2.10)

In the present simulations, we set Kmax = 1 (Bec 2005; Zahnow et al. 2011) and take
the mean velocity 〈u2〉1/2 small with respect to L/tL. For this choice of parameters, the
Lagrangian properties are fully determined by the evolution of the spectral coefficients.
Following Sawford (1991), the spectral acceleration decorrelates with ∼ tη while the
integral scale of the spectral velocity is equal to tL. This allows for interpreting tη as the
equivalent of the dissipative time scale in turbulence, and furthermore, it motivates to
estimate a small-scale Reynolds number for the STF, denoted as Reσ, as (Sawford 1991):

Reσ ∼ tL/tη , (2.11)

In this work, we set Reσ = 300 and use tη as the characteristic time scale for normaliz-
ing the breakup rate; the characteristic dissipation ε0 is taken as the mean dissipation
(table 1). Like in the other flows, the aggregate trajectory is obtained by integrating the
velocity field, (2.8), while the local dissipation is obtained from (2.3), setting the value of
the viscosity equal to unity. For measuring breakup rates, several very long trajectories
were simulated from which we then measured diving- times. From the diving-time, the
mean exit-time was obtained from an exact relation derived in Babler et al. (2012). The
breakup rate determined this way corresponds to the case were aggregates are released
homogeneously in the whole domain. The statistical database is as large as 1.5 × 106

diving events.
Before concluding this section, it is worthwhile stressing the main differences between

the STF presented here and a realistic turbulent flow. First, even though we can identify
two different time scales in the STF, the dissipation along an aggregate trajectory in
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âk

tη
dt−

ûk
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