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∂tu = −1

ρ
∇P − (u · ∇)u +

1

ρ
(∇× b)× b + ν∆u

∂tb = (b · ∇)u − (u · ∇)b + η∆b
∇ · u = 0 and ∇ · b = 0

Hm(t) =

∫
V
dx a(x , t) · b(x , t)→ inverse cascade

Hk(t) =

∫
V
dx u(x , t) · ω(x , t)→ dynamo action (e.g. α-effect)
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Fourier transform (periodic BC)

helical decomposition

reduction of the convolution to triads

reduction to combinations of helical modes

stability analysis of low-dimensional dynamical system

Navier-Stokes: F. Waleffe PoF A, 4, 350-363 (1992)
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Helical Fourier decomposition

∂t ûk =− FT

[
∇
(
P +

|u|2

2

)]
+

∑
k+p+q=0

(
−(ip × ûp)∗ × û∗q + (ip × b̂p)∗ × b̂∗q

)
∂t b̂k = ik ×

∑
k+p+q=0

û∗p × b̂∗q

ûk(t)= u+
k (t)h+

k + u−k (t)h−
k =

∑
sk

uskk (t)hsk
k

b̂k(t)= b+
k (t)h+

k + b−k (t)h−
k =

∑
sk

bskk (t)hsk
k

where ik × hsk
k = skkh

sk
k
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Helical Fourier decomposition

∂tu
sk
k

∗ =
1

2

∑
k+p+q=0

( ∑
sp ,sq

g sk
spsq(spp − sqq)usp

p usq
q

−
∑
σp ,σq

g sk
σpσq(σpp − σqq)bσpp bσqq

)
,

∂tb
σk
k

∗ =
σkk

2

∑
k+p+q=0

( ∑
σp ,sq

gσkσpsqb
σp
p usq

q −
∑
sp ,σq

gσkspσqu
sp
p bσqq

)

g sk
spsq = − 1

2h
sk
k

∗ ·
(
hsp

p
∗ × hsp

p
∗
)

Navier-Stokes: F. Waleffe PoF A, 4, 350-363 (1992)
homochiral system: Lessinnes et al., Theor. Comput. Fluid Dyn. 23, 439450 (2009)
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Generic minimal triadic interaction

∂tu
sk
k

∗ =
1

2

(
g sk
spsq(spp − sqq)usp

p usq
q − g sk

σpσq(σpp − σqq)bσpp bσqq

)

∂tb
σk
k

∗ =
σkk

2

(
gσkσpsqb

σp
p usq

q − gσkspσqu
sp
p bσqq

)
(linkmann@roma2.infn.it) 10 / 18 09/09/2016 10 / 18



Generic minimal triadic interaction

inertial Lorentz symmetrised magnetic

4 possibilities for (sk , sp, sq) : (+,+,+), (−,+,+), (+,−,+), (+,+,−)
4 possibilities for (sk , σp, σq)
2 possibilities for σk .
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Stability analysis

∂tu
sk
k

∗
= g sk

spsq(spp − sqq) u
sp
p u

sq
q − g sk

σpσq(σpp − σqq) b
σp
p b

σq
q

∂tu
sp
p

∗
= g

sp
sqsk (sqq − skk) u

sq
q uskk − g

sp
σqσk (σqq − σkk) b

σq
q bσkk

∂tu
sq
q

∗
= g

sq
sk sq(skk − spp) uskk u

sq
q − g

sq
σkσp(σkk − σpp) bσkk b

σp
p

∂tb
σk
k

∗ = σkk
(
gσkσpsqb

σp
p u

sq
q − gσkspσqu

sp
p b

σq
q

)
∂tb

σp
p

∗
= σpp

(
g
σp
σqskb

σq
q uskk − g

σp
sqσku

sq
q bσkk

)
∂tb

σq
q

∗
= σqq

(
g
σq
σk spb

σk
k u

sp
p − g

σq
skσpu

sk
k b

σp
p
)

U+
p0
−→ kinematic dynamo

B+
p0
−→ magnetic self-interaction

Navier-Stokes: F. Waleffe PoF A, 4, 350-363 (1992)
homochiral system: ML et al., JFM 791, 61-96 (2016)
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Large-scale kinematic dynamo

∂2
t b̃

+
k = |g++−|2 kq|U+

p0
|2b̃+

k U+
p0

b̃−q−−→ b̃+
k

∂2
t b̃

−
q = |g++−|2 kq|U+

p0
|2b̃−q U+

p0

b̃+
k−→ b̃−q

∂2
t b̃

−
k = |g−++|2 kq|U+

p0
|2b̃−k U+

p0

b̃+
q−→ b̃−k

∂2
t b̃

+
q = |g−++|2 kq|U+

p0
|2b̃+

q U+
p0

b̃−k−−→ b̃+
q

∂tB0 = α∇× B0 α = −1
3〈u · ω〉
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Inverse cascade of magnetic helicity

∂2
t b̃

+
k = −|g+++|2 k(k − p0) |B+

p0
|2b̃+

k B+
p0

ũ+
q−→ b̃+

k

∂2
t b̃

+
k = −|g++−|2 k(k − p0)|B+

p0
|2b̃+

k B+
p0

ũ−q−−→ b̃+
k
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Conclusions

1 STF-like dynamo on the triad level:

α-like triadic dynamo is the dominant large-scale instability.
‘anti-α’ triadic dynamo is the dominant small-scale instability.

2 The α-like triadic dynamo becomes more dominant with larger scale
separation.

3 Inverse cascade of magnetic helicity is most efficient if Hk and Hm are
of the same sign.

4 The effect of the Lorentz force on the flow is most prominent if Hk

and Hm are of the same sign.
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Thank you
M. Linkmann, A. Berera, M. McKay, J. Jäger, JFM 791, 61-96 (2016)

M. Linkmann, G. Sahoo, M. McKay, A. Berera, L. Biferale, arXiv:1609.01781
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