Chaotic and regular instantons in helical shell models of turbulence
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Eight different types of interaction between three modes
u'k(K), u'»(p), and u'e(q) with |k|<|p|<|q| are allowed
according to the wvalue of the triplet (s;,s »Sq)
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Triadic interactions in the 3D Navier-Stokes equations




Triadic interactions in the Decimated 3D Navier-Stokes equations
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Triadic interactions in the Decimated 3D Navier-Stokes equations




Triadic interactions in the Decimated 3D Navier-Stokes equations




Triadic interactions in the Decimated 3D Navier-Stokes equations

Mostly Inverse




Inverse cascade in DNS of 3D Navier-Stokes equations
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Inverse cascade in DNS of strongly rotating flow
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SELF_SIMILAR SOLUTIONS
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finite-time blow up
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Dynamical system view of blowup in inviscid Burgers equation
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Implicit solution: ~ u = ug(zo), = =zo+ (t —to)u ' -ads
Blowup (generic solution, simplified by symmetries): 2 = ut — v’ + o(u®)
Renormalized (logarithmic) coordinates:
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Renormalized solution: v = F(§ —a7), a=3/2, stable steady-state
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Nonlinearity and nonlocality

Incompressible Navier-Stokes equations: NS equations resolved w.r.t. pressure:
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(nonlocal quadratic nonlinearity)

1D models that mimic a nonlocal quadratic nonlinearity:
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Extra conditions on the kernel function K(y,z):
energy conservation, Hamiltonian structure. etc.

Example: Constantin-Lax-Majda equation w; — vz =0, v: = Ho



Special cases: Desnyansky-Novikov shell model
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Solution representation
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un(t) = k30 (K23,t), a(k,t) = [u(z,t)e *dz

Desnyansky-Novikov shell model equations
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Special cases: Sabra shell models
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Sabra model equations
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Gledzer-Ohkitani-Yamada (GOY) in 70-80th;
L'vov, Podivilov, Pomyalov, Procaccia, Vandembroucq (Sabra) in 90th

Inviscid invariants: energy, helicity, enstrophy etc. (depending on coefficients)



Dynamics in the inviscid Desnyansky-Novikov shell model:
blowup to a shock wave

Solution blows up in finite time leading to an asymptotic stationary state
with Kolmogorov scaling (for the inviscid limit)
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Dynamics in shell variables Dynamics in continuous representation Stationary state: a shock
o8 =
fix)
1 — uix)
08
06 s
0.4
0.2 )
00 05 1 15 ° 0 ’ of ] 1




TABLE I. Structure and coefficients of the four helical models (4) and (5). Second column: classes of helical interactions.
Without loss of generality, we always choose a = 1. These a, b and c coefficients ensure energy and helicity conservation.

Model Helical modes coupling s1 S2 S3 S4 S5 S6 b c

SM1 (Un s Uny1y Unpo) OF (Un, Up iy, Upys) + - - - o + -1/2 1/2
SM2 (uz Up i 1) Upya) OF (Un, u:+1u u:+2) - - + - + - -5/2 —3/2
SM3 (urt, ul g, U ) o (un, upyy, Ul y) - + - + - - -5/6 1/6
SM4 (uh, ut g, uibi,) or (un, Upaq, Unio) + + + -+ + - -3/2 -1/2
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TABLE II. Summary of the dynamical properties of helical shell models (4)—(5) and (26)—(27) in both the blowup and stationary
regimes.

Instanton dynamics Stationary dynamics
Model Type Energy transfer Intermittency Energy dynamics
SM1 Smooth Forward yes Forward cascade
SM2 Chaotic Forward no Forward cascade
SM2E Chaotic Backward no Backward cascade
SM3 Smooth Forward yes Forward cascade
SM4 Chaotic Backward no Backward flux + quasi-equilibrium
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