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Coupled Oscillations in Biology:
Arnold Tongues and Mode Hopping.

1. Two oscillators couple:
One internal to one external: 
Arnold tongues or entrainment !

2.      Biological oscillations: Cell cycle, circadian, calcium, 
embryos, proteins (DNA damage)
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3. Oscillations of a protein density inside a cell: regulated by  
negative feed-back loops (NF-κB, p53, Wnt proteins): 

DNA damage, inflammation, embryo segmentation.

4. An external (cytokine or protein) oscillation coupled to                  
internal oscillation:  Oscillations synchronize (entrain) 

Arnold tongues → Overlap → Mode hopping

5. Pulsatile extracellular signaling in experiments (Chicago): 
Observe mode hopping. A way to control cell dynamics ?
A way to ‘jump’ between different genes ‘multiplexing’→ 
Gives different protein production, gene control !

6. Mode hopping between several states: 
Results in chaotic motion ! Strong time correlations

7. Is  deterministic chaos relevant for gene productions ? Yes!



Collaborators:
• Sandeep Krishna, Leo Kadanoff, Mathias Heltberg, Savas Tay, 

Ryan Kellogg, Namiko Mitarai, Uri Alon, Galit Lahav et al
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Trusina, P. Jensen, P. Yde, S. Chakraborty, S. Semsey, A. Hunziker, K. Moss

M. Heltberg, R. Kellogg, S. Krishna, S. Tay and M.H. Jensen, “Noise-induced NF-kB Mode
Hopping Enables Temporal Gene Multiplexing”, Cell Systems 3, 532-539 (2016)

M.H. Jensen and S. Krishna, “Inducing phase-locking and chaos in cellular oscillators by modulating the 
driving stimuli”, FEBS Letters 586, 1664 (2012).

R. Rasmussen, M.H. Jensen and M.L. Heltberg, "Chaotic Dynamics Mediate Brain State Transitions 
Driven by Changes in Extracellular Ion Concentrations“,  Cell Systems 5, 591-603 (2017).

N. Mitarai, U. Alon and M.H. Jensen, “Entrainment of linear and non-linear system under noise”, Chaos, 
23, 023125 (2013).

Leo Kadanoff,  S. Krishna and M.H. Jensen, “Chaos and Universality in Coupled Oscillators: Lessons for 
Biology”, Review (2014)

M. Heltberg, S. Krishna and M.H. Jensen, “Chaotic Dynamics in Transcription Factors: Enhancement of 
Low Affinity Genes, Efficient Protein Complex Formation and Generation of Population 
Heterogeneity, Nature Communication (2018) .





Huygens’ clocks 1665

Synchronization of two oscillators



Three different non-linear dynamics



Two coupled oscillators: Arnold tongues



Strongly coupled oscillations: Overlap of tongues !
Transitions to chaos !



Examples of Arnold tongues !



Examples of Arnold tongues !





Chicago basement convection !

Libchaber, Stavans, Glazier:
External oscillating current !



Chicago basement convection !

Stavans, Heslot, Libchaber Glazier, Jensen, Libchaber, Stavans



Semiconductors at Harvard : Gwinn, Westervelt

(p-type Ge:  Phys Rev Lett. 57)



Sliding CDW’s at UCLA:
Brown, Mozurkewich, Gruner

(Phys Rev Lett. 52)



What about biology –
many oscillators !

• Cell cycles
• Circadian clocks
• Calcium oscillators
• Embryos
• Pace maker cells
• Protein oscillations (DNA damage)
• Population dynamics



Basic oscillator:
Negative Feed-Back 
loops:



‘Typical’ Oscillating data:  Hes1 -
segmentation

(Hirata et al, 2002)



Simplest negative feed-back loop: Hes1
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Oscillations of protein densities in a single cell

(M. Covert, Stanford, unpublished)
(Savas Tay, Zurich)



Embedded attractors:
Chaos ??



p53 – Mdm2 oscillations: 
Negative feedback loop

Lahav, Alon, Geva-Zatorsky, Levine,..

DNA damage
(gamma)



MDMX knock-out induces p53 oscillations

Chen, Forrester, Lahav (2016); Heltberg, Jensen, Lahav et al (2018)



Externally ‘forced’ NF-κB system

External modulation of TNF cytokine signal 

→ Transformed into IKK signal (C)

Arnold tongues:

Can synchronize the dynamics of a single cell: 

Maybe a way to control DNA damage/DNA repair

(M. Heltberg, S. Krishna, MHJ)



Externally ‘forced’ NF-κB system

(S. Krishna, MHJ)



NFκB model, driven by TNF:

NFκB

IκBα

A20

IKK

TNF

IKK, TNF, A20:Ashall, Rand, White, et al…. Science (2009)









Tongues overlap !

In phase space









When tongues overlap:
Experimentally observed mode hopping 
between entrained states



Stochastic Gillespie simulations: manifest as 
modehopping between entrained states



Deterministic chaos: 
Mode hopping between several 
entrained states



Mode hopping switches between high and low gene 
production states: Multiplexing!



Strongly coupled oscillations: Overlap of tongues !
Transitions to chaos !



Is chaos relevant for gene production ?

Hill function –
h cooperativity,
K affinity:



For low affinity: High gene production in chaos!

Medium cooperativity
High affinity
(h=2, K=1)

High cooperativity
Low affinity
(h=4, K=4.5)







To simplify: Make a Poincare cut

Stochastic simulation: Jumps between the tongues !



Basin of attraction for the two tongues



Number of oscillations before leaving a tongue

Strongly time correlated (memory): 
Stretched exponential – or sum of two exponentials



Only few examples Arnold tongues in other biological systems: 
Cell cycle and circadian clock

Gerard and Goldbeter, May, 2012



Populations of genetic oscillators

Jeff Hasty et al, Science 2011


