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Denoising Diffusion Models
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Forward Process (Fixed)

Learning to generate by denoising

Sohl-Dickstein et al., Deep Unsupervised Learning using Nonequilibrium Thermodynamics, ICML 2015
Ho et al., Denoising Diffusion Probabilistic Models, NeurlPS 2020
Song et al., Score-Based Generative Modeling through Stochastic Differential Equations, ICLR 2021




Forward Diffusion Process

Forward Process (Fixed)

Gaussian Noise
Distribution

Real Face
Distribution

The formal definition of the forward process in T steps:

d i

q(x¢|x¢-1) = N(x¢; V1 — Bixe1, 5el) = q(x1.7|%0) = Hq(Xt|Xt—1)

t=1



Forward Diffusion Process

Forward Process (Fixed)

Gaussian Noise
Distribution

Real Face
Distribution

Define oy = | [(1—8s) =  q(x¢x0) = N(x¢; vVagxp, (1 —ay)I))  (Diffusion Kernel)
s=1

For sampling: x; = /&y xg+ /(1 — @) ¢  where ¢ ~N(0,I)

¢ values schedule (i.e., the noise schedule) is designed such that & — 0 and ¢(x7|xg) =~ N (x7;0,1))
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What happens to a distribution in the
forward diffusion?
q(x1-1) q(zo)

gt / ol 2ct) sy = / a(xg) aloxelco) dicg
\ ) %/_/ w_/ %,_/
Diffused Joint Input  Diffusion ____  Gaussian
data dist. dist. data dist. kernel Convolution
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Backward Diffusion Process

Gaussian Noise
Distribution

XT

q(XT> - N(XT; O, I)

Backward Process (Generative)

----------------------------------

Real Face
Distribution
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Generation
Sample: X7 ~ N (x7;0,1) q(xo)
lterate: X¢—1 ~ Q(Xt—1|Xt), untill t =1
T Intractable!
True Xt—l)

(xe-1]%¢) = q(xe|xs-1) 2
Denoise ATt = QR =17 o



Approx. Backward Diffusion Process

Backward Process (Generative)

Gaussian Noise
Distribution

E Real Face
: Distribution

XT

q(xt) = N(x7;0,1)

Can we approximate Q(Xt—l |Xt) ~ Do (Xt—l \Xt)?

Xt—1 pe(Xt—1|Xt)

'Yes, we can use a Normal distribution if 3 is small in each forward diffusion step.



Approx. Backward Diffusion Process

: - Backward Process (Generative)
Gaussian Noise

Distribution

----------------------------------

Real Face

@ Po(X¢—1 Ixz : Distribution

................................

p(xr) = N(x7;0,1)

po(xt—_1|xt) = N (x¢_1; po(xt, 1), 071)
H_/

Trainable network (U-net, Denoising
Autoencoder)

op(x¢—1|x¢)

= Py(x0-7)

||::]ﬂ



Learning the Backward Diffusion Process

Variational upper bound

During training, the optimization involves
E [_ ] ( )] minimizing the cross entropy between the
q(x0) 08 Po (X0 ground truth distribution and the likelihood of

the generated data

IEq(Xo)[--] = /[--]Q(Xo)dxo pe(x0) = /pe(XO:T)dX1;T :/ f[ (x¢—1|x¢)dxq1.7

For training, we can form variational upper bound that is commonly used for training variational
autoencoders:

Eq (xo0) [ logp(;(x())] < Eq(x())q(xlzrlx()) [_ log

po(Xo.T) .
Q(X1:T|Xo)] —h

Sohl-Dickstein et al. ICML 2015 (Appendix B for all details) show that:

L=E, |Dxu(q (XT|X0)HP X)) +>_‘DI\L (38 |55, X0)||P9(Xf 1]x¢)) — 10gp9(Xo|X1))
// t>1 T 1 L()




Learning the Backward Diffusion Process

Variational upper bound

During training, the optimization involves
E [_ ] ( )] minimizing the cross entropy between the
q(x0) 08 Po (X0 ground truth distribution and the likelihood of

the generated data

IEq(Xo)[--] = /[--]Q(Xo)dxo pe(x0) = /pe(XO:T)dX1;T :/ f[ (x¢—1|x¢)dxq1.7

For training, we can form variational upper bound that is commonly used for training variational
autoencoders:

Eq (xo0) [ logp(;(x())] < Eq(x())q(xlzrlx()) [_ log

po(Xo.T) .
Q(X1:T|Xo)] —h

Sohl-Dickstein et al. ICML 2015 (Appendix B for all details) show that:

L=E, | DxL(q(xrp0)||p(x7)) +>_‘DI\L (q(x¢—1|x%t, X0)||P9(Xf 1]x¢)) — 10gp9(Xo|X1))
It \ t>1 Li—1 Lo

+0o0
Drr(p(x)|lg(x)) = / p(x) log (]%) dr  KULLBACK-LEIBLER Divergence
— 00 q\x



Learning the Backward Diffusion Process

Variational upper bound

q(x¢_1|x¢, Xq) is the tractable posterior distribution:

X;_1|X
sl s ) = q(xt|xt_1,><o>q;(;t‘1}‘(o)0).
(x¢ — /arxi—1)? (%41 — /Ar_1%0)? (x¢ — \/@xp)?
q(x¢—1|x¢,X0) o exp (— 25, ) - exp (— 20— ) ) - exp ( 21 — ay) )
q(x¢—1|x¢,%0) = N (ji(x¢,X0), BnI)
o V1—05:(1—ay_ ~ 1 —ay_
where [i;(x;,Xg) 1= Q10 Xo+ Bl — il 1)Xt and [; := Ozi 1515
1 — Q4 1 — Ot 1 — Ot

Sohl-Dickstein et al. ICML 2015 (Appendix B for all details) show that:

Dy ( M (x7))+ Y Drr(q(xe—1]%¢, %o)||po(xe—1/x:)) — log ps(xolx1))
It \ >l Li—1 Lo

L =E,

+0o0
Drr(p(x)|lg(x)) = / p(x)log (]%) dr  KULLBACK-LEIBLER Divergence
— 00 q\x




Learning the Backward Diffusion Process

Variational upper bound

We need to evaluate the KL-Divergence between two Gaussians!

~

q(x¢_1|x¢,X0) = N (x¢_1; fi(x¢,X0), B¢ ) po(xi—1|xt) = N (x¢—1; o (¢, t), 07 1)

We end up with the following Loss function:

L
Lics = Diaate-sb ol ) = Ey |5l x0) = s [
t

/

Sohl-Dickstein et al. ICML 2015 (Appendix B for all details) show tha/

L =E,

pKL(Q(XT 0)| \P(XT)2+ S: pI\'L(Q(Xf—l |xt, X0)||po(xt—1 |Xf)): logpﬂ(xdxl))
AN (=l Li— Lo

+0o0
Drr(p(x)|lg(x)) = / p(x)log (]%) dr  KULLBACK-LEIBLER Divergence
— 00 q\x




Learning the Backward Diffusion Process

Variational upper bound

1, .
L1 = Dxr(q(xi—1]x4, X0)|[po(x-1|x¢)) = E, T‘_QHNt(XhXO) — pg(x,1)||?
i

Recalling the properties of the forward process:

ﬁt(Xt,Xo) = MXO"‘ - Bt(l — &t_l)xt Xt = \/@_t X0+ \/ (1 — @t) €

1 —ay 1 — oy

Ho et al. NeurlPS 2020 observed that:

o) = i (xem ) e = (- 2 et
pEe X0 =g\ T—q O VI-5B Vi—a;

They propose to reparametrize the denoising model using a noise-prediction network:

7 R —
L 1=K ~q(xg),e~ = - 1- 7t
t—1 xo~q(X0),e~N(0,I) |:20_t2(1 — Bt)(l — at) HE 60(@ X0 :/ Oétj )H

Xt




Recap [Main steps]

Backward Process (Generative)

Gaussian Noise
Distribution

Real Face
Distribution

1) Backward step approximation e q(xy_1|x¢) = po(xp_1]xe) = N (xe—1; po(x4, 1), 021)

2) Optimization of the cross entropy — £ x,)[— log py(xo)]

po(Xo:1) ]

3) Variational Upper Bound — o (x0)q(x1.0|x [—lo
) Variational Upp u q(x0)q(x1.7]%0) 8 o rer o)

4) Reparametrization of the Loss ~ — L, |  ||e — eg(v/arxg + V1 — aye, t)||?



In Action

(Model Training and Sample Generation)

Algorithm 1 Training Algorithm 2 Sampling
;: repeat ) l: xp ~ N(0,I)
e 2: fort="T,...,1d

3: t~ Uniform({1,...,T}) YT

4: €~ N(0,I) : —

5: Take gradient descent step on 4 Xe-1= \/L—t (xt - ﬁef) (Xtat)) + 012
Vo ||e — 69(\/6!1;)(0 + v/1 — az€ t)”2 5: end for N

6: until converged r 6: return xo
) / : 2
Xt = VOt X0+ \/ (1 - @t) € pg(Xt_1|Xt) - N<Xt—17 NQ(Xta t)7 UtI>

) =~ (- 2 et



Diffusion Models for Lagrangian Turbulence

: : Backward Process (Generative)
Gaussian Noise >

Distribution

Real Lagr.
Distribution

Forward Process (Fixed)

Learning to generate by denoising

T. Li, L. Biferale, F. Bonaccorso, M. Scarpolini and M. Buzzicotti.
Synthetic Lagrangian Turbulence by Generative Diffusion Models.
arXiv:2307.08529 (2023) - Submitted to Nature Machine Intelligence



STOCHASTIC MODELS FOR LAGRANGIAN TURBULENCE: WHY?

GENERATION OF LARGE SYNTHETIC DATA-BASE FOR
(I) RANKING OF PHYSICS FEATURES
(I1) TESTING DOWNSTREAM APPLICATIONS/MODELS

DATA ASSIMILATION/INPAINTING FROM MISSING
FIELD/EXPERIMENTAL OBSERVATION

d Evoluti "
W\ V) = X0 = uX0),0) Brimter paicies

CLASSIFICATION/INFERRAL OF MISSING/INTERNAL
PROPERTIES:

() INERTIA

(Il) SHAPE

() ACTIVE DEGREES OF FREEDOM
av) ...

v

atll -+ (11 o V)u = _VP e éAu F 17 Navier-Stokes
Vou=0 =
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~30 years of modeling experience
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LAGRANGIAN STRUCTURE FUNCTIONS
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WHAT WE HAVE:
- QUICK STOCHASTIC TOOL TO GENERATE REALISTIC 3D TRAJECTORIES OF TRACERS IN
HOMOGENEOUS AND ISOTROPIC TURBULENCE, EASY TO GENERALISE FOR DIFFERENT
APPLICATIONS

- IMPRESSIVE QUANTITATIVE AGREEMENT WITH MULTI-SCALE STATISTICAL PROPERTIES

WHAT WE MISS:

- UNDERSTADING OF ROBUSTNESS IN GENERALISING OUT-OF-SAMPLE:
EXTREME EVENTS, DIFFERENT REYNOLDS NUMBERS, DIFFERENT PARTICLES’ PROPERTIES

- UNDERSTANDING SCALING PROPERTIES FOR TIME-TO-SOLUTION AT CHANGING IN-
SAMPLE PROPERTIES, I.E. AT CHANGING DIMENSION OF THE TRAINING DATASET,
SETS OF HYPER-PARAMETERS, CNN ARCHITECTURES: GAN, DM, TRANSFORMERS

-WHAT-IF QUESTIONS: EXPLICABILITY OF THE GENERATED DATA, FEATURES RANKINGS,
PHYSICS DISCOVERY



S m O r t - Tu r b S Datasets ~ % Organizations ~ & Help ~

What is Smart-TURB? It is a brand new software infrastructure (born June 2020) for
the research community working on turbulence and complex fl~ws WIth particular
emphasis to collect/standardize and preserve huge dataseg ig-data and
Machine Learning approaches to fluid mechanics in geners - ]
particular. It is an easily accessible web platform for high qusg
is to host, standardize and manage a Ilarge collecti

rimental and numerical data sets from high-end fluid a

TURB-ROT. A LARGE DATABASE OF 3D AND 2D sNAPsHoTs  [/€S  and  High Performance Computational centers. Sma
FROM TURBULENT ROTATING FLOWS ble performances when accessing/uploading/searching data.

munity is asked to contribute, by deploying freely downloadable, accurate a
mented dataset for the sake of “reproducibility”: The process of documenting

A PREPRINT

L. Biferale EBomcoorso edures and archiving data so that others can fully reproduce scientific results.
Dept. Physics and INFN Center for Life Nano Science@La Sapienza

Univeriy of Rome Tor Vergla Ly nd IC-Pas Frnee - stuo Lalio i eenologn nd NN s contact the administrator for infos about how to upload your dataset. We

biferaleCroma2. infn. it University of Rome Tor Vergata, taly. 3 ) X i
feblo-bonaccorsotronal. infn. 16 by deploying a first dataset made of 2d and 3d turbulent configurations under

M. Buzicott P ClarkDiLeoni on TURB-Rot. More will come.
Dept. Physics and INFN Department of Mechanical Engineering,
University of Rome Tor Vergata, Italy. Johns Hopkins University, Baltimore, USA.
michele.buzzicottiCroma2. infn. it pato@jhu. edu
Search for datasets Q

1

Datasets

TURB-Rot web_admin

1
A large database of 3d and 2d p " web_admin group
snapshots from turbulent rotating



https://smart-turb.roma2.infn.it/
https://smart-turb.roma2.infn.it/

