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We review some recent results in the theory of Lattice Boltzmann Equation applied in
micro and nano channel flows. With a suitable generalization of the Shan-Chan model,
we are able to relate in a systematic and self consistent way, the model parameters with
the contact angle. Comparison with Molecular Dynamics simulations show remarkable
agreement.
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1. Introduction.
The last 30 years have witnessed the emergence of a growing body of knowledge
on complex systems, i.e. systems whose macroscopic behaviour is difficult to characterize even though their microscopic dynamics is generally well understood. Remarkable examples of complex systems are turbulent flows, glassy systems, material
fractures. In most cases, beside the traditional experimental and theoretical work,
numerical simulations have played an important role as a valuable tool for investigating the statistical and dynamical properties of complex systems. The role of
numerical simulations is to help us in building a systematic conceptual framework
∗ State completely without abbreviations, the affiliation and mailing address, including country.
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for extracting macroscopic dynamics from microscopic laws. From this point of view,
the Lattice Boltzmann Equation (LBE) has been shown to provide a new and important tool in understanding mesoscopic dynamics and in helping us to investigate
many complex systems related to fluid flows. The basic idea behind LBE 1 ,2 ,3 is to
forget about the detailed molecular laws underlying fluid flows (i.e. the lattice gas
dynamics) and to introduce a suitable mesoscopic modeling.
Recent experimental results for flows in micro and nano channels have shown
new and unexpected results which, so far, have been reproduced solely by using
molecular dynamics (MD). Molecular dynamics, however, cannot simulate macroscopic systems for long enough time, i.e. systems with the same spatial and temporal
scales of real experiments. It is therefore a challenging question whether a suitable
version of LBE can correctly reproduce the relevant physical behaviour observed in
micro and nano flows with complex wetting and dewetting properties. The aim of
this paper is to review recent advances in this direction.
2. The model.
The simplest LBE reads as follows 4 :
(eq)

fα (x + cα ∆t, t + ∆t) − fα (x, t) = −ω∆t[fα (x, t) − fα

(x, t)] + Fα ∆t,

(1)

where fα (x, t) is the probability of finding a particle at site x at time t, moving along
one of the α-th lattice direction defined by the discrete speed cα with α = 1, . . . , b
and ∆t is the time unit. The left-hand side of (1) stands for molecular free-streaming,
whereas the right-hand side represents molecular collisions. These are expressed
(eq)
through a simple relaxation towards local Maxwellian equilibrium fα in a time
lapse of the order of τ ≡ ω −1 . Finally, the term Fi represents a volumetric bodyforce, which can be tailored to produce non-trivial macroscopic effects, such as
phase-transitions. Non-ideal effects, leading to two-phase flows, are modeled through
a self-consistent force term:
X
F (x, t) = −Gb
wα ψ(x, t)ψ(x + cα ∆t, t)cα .
(2)
α

Here, ψ(x) is a phenomenological pseudo-potential (generalized density), ψ(x, t) =
ψ[ρ(x, t)], first introduced by Shan and Chen 5 , wi are normalization weights and
Gb tunes the molecule-molecule interaction, i.e. it plays the role of the normalized
inverse temperature, ǫ/KT , with ǫ the molecular interaction, K the Boltzmann constant and T the system temperature. In the following, we choose the standard form
√
ψ = ρc {1 − exp(−ρ/ρc )}, with the reference density ρc = 1, in lattice units.
The interaction potential (2) can be regarded as the simplest “mean-field” approximation of the body force induced by soft particle-particle interactions in the
collisional term of the Boltzmann Equations 6 .
In spite of its simplicity, the Shan-Chen approach provides two crucial ingredients of non-ideal fluid behavior: a non-ideal equation of state and a non-zero
liquid-vapor surface tension, σlv . Both features are encoded in the expression of the
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non-ideal momentum flux tensor Pij . In the hydrodynamic limit, the LBE equations
(1)-(2) can be shown to evolve according to the Navier-Stokes equations 6 , with the
←
→
following pressure tensor P :
h
i
G c4
Pij = c2s ρ + 21 c2s Gb ψ 2 + 21 c4s Gb ψ∆ψ + b4 s |∇ψ|2 δij − 21 c4s Gb ∂i ψ∂j ψ.
(3)
This is the basic equation for understanding the effect of surface tension between
the two different phases of the system. The surface tension can be obtained as an
integral of the mismatch of the normal and transverse component of the Pi,j , along
the coordinate normal to the surface of the interface. Following 5 and the above
definition, one can show that the surface tension between liquid and vapor is given
by:
Z
1
σlv = − c4s Gb |∂y ψ|2 dy
2
where we assume the only dependence to be on the y direction.
However, σlv does not characterize the wetting properties of the fluid. To do so
we need to introduce the interaction of the fluid interaction with the boundary. The
main idea is to introduce the a reference density ρw which must be matched by ρ(x)
at the wall, i.e. we assume ψw = ψ(ρw ), where ρw should be regarded as a freeparameter related to the strength of the fluid/solid interactions. Also, we assume
bounce back boundary conditions for the fα at the wall. In figure (1) we show the
results of a 2D numerical simulations with different average density hρi, where the
average is performed over the stream wise direction of the channel. In both cases
represented in figure (1) the interaction of the fluid with the wall is parameterized
by the same ρw . As a consequences, for relatively small hρi a thin layer of “gas”
develops near the boundary, changing the wetting properties of the flows.
The above discussion tells us the wetting properties of fluid, usually parameterized in terms of contact angle, must be a function of the parameter ρw , i.e. on the
interaction of the fluid with the boundary. In 6 , it has been shown that by imposing
the condition of mechanical equilibrium, ∂j Pij = 0, of the contact line separating
the liquid, vapor and solid phases, one can compute analytically the contact angle,
θ(Gb , ρw ).
The result is:
Z
Z
2
|∂y ψ|2 dy
|∂y ψ| dy −
sl
sv
Z
(4)
cos (θ) =
|∂y ψ|2 dy
lv

where

Z

sl

|∂y ψ|2 dy,

Z

sv

|∂y ψ|2 dy,

Z

lv

|∂y ψ|2 dy indicate the positive integrals cal-

culated along the solid-liquid, solid-vapor and liquid-vapor interfaces with y the
coordinate normal to the interface. A direct check of equation (4) is presented in
figure (2), where the line is the theoretical prediction from (4) while the points
represents direct “measurements” obtained by numerical simulations.
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Notwithstanding their inherently mesoscopic character, the parameters Gb and
ρw carry no less physical content than their atomistic counterparts (relative strength
of the attractive to repulsive interactions in MD simulations 7,8,9 ). It should be
emphasized that the contact angle can be computed also within the framework of
the free-energy version of the lattice Boltzmann method for non-ideal fluids 10,11 .
Here, however, we prefer to stick to the Shan-Chen pseudo-potential formulation,
because of its simplicity.
3. Benchmark against analytical results.
One of the consequences of large contact angles is that the flow can show apparent
slipping, i.e. the velocity profile follows the usual parabolic profile up to a relatively
thin layer near the boundary. One can compute an apparent slip length λef f by
extrapolating the parabolic profile to cross the zero velocity line (inside the wall).
There are very few analytical prediction on the slip length (as previously defined)
with respect to the contact angle.
Let us consider a Poiseulle flow in a three dimensional channel with x the streamwise direction and y the spanwise direction, confined between two plates at z = 0
and z = Lz . The two plates are supposed to be a mixture of complete wetting and
complete dewetting material. In particular we consider two possible geometries: 1)
strips of wide H in the x direction and 2) strips of wide H in the y direction. Let
us denote Lx and Ly the streamwise and spanwise dimension of the channel and
ξ ≡ H/L where L stands for Lx or Ly for the two cases. In 12 , the problem referring to case 1) was solved analytically and recently in 13 , an analytical solution
was provided also for case 2). In both cases, one is able to compute the effective
slip length as a function of the relevant parameter ξ. It is worthwhile to understand
whether our model does meet the analytical results for the same geometry of alternating no-slip (complete wetting and contact angle equal 0) and free slip (complete
dewetting and contact angle 1800 ) boundary conditions. The comparison is done
in figure (3) where the lines represent the analytical solutions, for the two different
cases, and points are the results of our numerical 3D simulations. In both cases we
used bounce back boundary conditions for the LBE populations As one can see, the
agreement is extremely good.
4. LBE versus molecular dynamics.
As discussed in the introduction, MD played an important role in understanding
the physics of slip phenomena in nano channel. One particular interesting case 14
15
is provided by the MD simulations with boundary conditions showing a groove
(see insert in figure (4). This is a quite different situation with respect to that
analyzed in the previous section. While in figure (3) the analytical and numerical
results have been obtained for plane surfaces with different wetting properties, here
we consider a relatively complex geometry (i.e. the “groove” represented in figure
(4)) with introduces capillary effects. The upper part of the system has zero contact
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angle (complete wetting) while the lower part (including the groove) has a contact
angle near 135O .
For different “bulk” pressure, the groove induces an non trivial capillary effect.
In particular, at relatively large pressure the flow is able to wet all the system. By
decreasing the pressure two things happen: first the fluid does not wet the groove
and next, the fluid does not wet all the lower boundary. In figure (4) we show the
MD simulations (circles) representing the “state of the system” in the following
coordinate: ∆Plv ≡ P − Pc i.e. pressure computed with respect to the capillary
pressure and d/Lx which is the distance of the upper boundary to the top of the
groove measured in terms of Lx , the length of the box. By changing the parameter
d/Lx (somehow proportional to the density) we can change the pressure of the
system. The plateau observed in figure (4) corresponds to the dewetting of the
groove (as indicated by the arrow). In summary, the presence of the groove enhance
the slipping properties of the flow. In figure (4) we compare the MD simulations
(circles) with LBE simulations (squares) using the model previously described. Note
that by fixing the contact angle there is no free parameter in the LBE simulations.
As one can see, we obtain a rather excellent agreement between the two simulations.
This our most important result and indicates the possibility to correctly represent
the complex wetting and dewetting properties by using an appropriate mesoscopic
model, i.e. the LBE model used so far.
The interaction between the geometrical properties of the boundary and the
thermodynamical properties of the fluid can be highly non trivial. As a preliminary examples, we show in figure (5) the case of two grooves (not equally spaced).
With respect to figure (4), nothing has been changed expect the geometry. The
pressure/density diagram of figure (5) shows a “two state” system. It is worth
mentioning that the result shown in figure (4) and (5)open the way to numerical
simulations on micro and nano flows with realistic space and time scales, compared
with laboratory experiments.

References
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.

R. Benzi, S. Succi & M. Vergassola Phys. Rep. 222, 145 (1992).
Succi, S. The lattice Boltzmann Equation, Oxford Science (2001).
S. Chen & G. Doolen Ann. Rev. Fluid Mech. 30, 329 (1998).
P.L. Bhatnagar, E. Gross & M. Krook Phys. Rev. 94, 511 (1954).
X. Shan & H. Chen Phys. Rev E 47, 1815 (1993); Phys. Rev E 49, 2941 (1994).
R. Benzi et al. Phys. Rev. E 74, 021509 (2006).
L. Bocquet & J.-L. Barrat Phys. Rev. Lett. 70, 2726 (1993);
P. Thompson & S. Troian Nature 389, 360 (1997).
N.V. Priezjev et al. Phys. Rev. E 71, 041608 (2005).
M. Swift et al., Phys. Rev. Lett. 75, 830, (1995).
A. J. Briant et al., Phil. Trans. R. Soc. Lond. A 360, 485, (2002).
Philip, J. 1972b Integral properties of flows satisfying mixed no-slip and no-shear
conditions. Z. Angew. Math. Phys. 23, 960-968.
13. Lauga, E. & Stone, H. 2003 Effective slip in pressure-driven stokes flow. J. Fluid.

February 26, 2007 0:3 WSPC/INSTRUCTION FILE

6

079˙benzi

R. Benzi, L. Biferale, M. Sbragaglia, S. Succi, F. Toschi

Mech. 489, 55.
14. Cottin-Bizonne, C. Barrat, J.-L. Bocquet, L. & Charlaix, E. Nature Mater. 2, 237
(2003).
15. C. Cottin-Bizonne et al. Eur. Phys. J. E 9, 47-53 (2002).

February 26, 2007 0:3 WSPC/INSTRUCTION FILE

079˙benzi

Mesoscopic modelling of fluid flows in micro and nano channel

7

1.2
1

ρ/ρc

0.8

< ρ>= 1.1 ρl

0.6
< ρ>= 0.7 ρl

0.4
0.2
0
0

1/6
y/H

1/3

Θ

Fig. 1. The stationary state configuration for the density field as a function of the relative distance
from the wall, for two different values of the average density of the system: hρi = 1.1ρl () and
hρi = 0.7ρl (◦), where ρl is the liquid density. The density tends to match a given value at the
wall ψ(ρw = 0.5).
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Contact angle for the case Gb = −6.0 as a function of ρw .
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Fig. 3. Numerical results for (ξ) (transversal () and longitudinal (◦) case) compared against
the analytical prediction.
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Fig. 4. Validation of LBE (square) simulation against MD (circles), obtained for the same contact
angle and the same geometrical properties.
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