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A	  	  (DIS)ORIENTED	  TOUR	  AROUND	  SCALING,	  DIMENSIONS,	  REVERSIBILITY	  AND	  
EQUILIBRIUM	  IN	  TURBULENCE	  	  

~	  1	  m	  

WITH:	  
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F.	  TOSCHI	  (TUE-‐NL)	  
S.	  MUSACCHIO	  (CNRS-‐FR)	  
E.	  TITI	  (WEIZMANN-‐IL)	  



-‐INVISCID	  CONSERVED	  QUANTITIES	  AND	  FLUXES	  IN	  2D-‐3D	  FLOWS	  
-‐EQUILIBRIUM	  AND	  OUT-‐OF-‐EQUILIBRIUM	  FLOWS	  
-‐TUNING/REVERSING	  THE	  ENERGY	  FLUX	  IN	  TURBULENCE	  BY	  PLAYING	  WITH	  HELICITY-‐	  
WHAT	  DO	  WE	  LEARN?	  

A	  	  (DIS)ORIENTED	  TOUR	  AROUND	  SCALING,	  DIMENSIONS,	  REVERSIBILITY	  AND	  
EQUILIBRIUM	  IN	  TURBULENCE	  	  



NAVIER-STOKES 3D-2D	

(NASA/Goddard	  Space	  Flight	  Center	  ScienTfic	  VisualizaTon	  Studio)	  
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2	  	  Invariants	  (posiTve	  definite)	  

2	  invariants	  (only	  one	  posiTve	  definite)	  
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FULLY	  OUT-‐OF-‐EQUILIBRIUM	  (SINKS	  AND	  SOURCES	  AT	  DIFFERENT	  SCALES)	  

2D:	  ENERGY	  GOES	  UP	  (IN	  SCALES)	  
3D:	  ENERGY	  GOES	  DOWN	  



3D	  +	  ROTATION	  +	  HELICITY	  INJECTION	  (Mininni	  &	  Pouquet	  2013)	  
THICK	  LAYER	  +	  ROTATION	  (Smith	  et	  al	  1996)	  
SQUEZED	  DOMAINS	  (Celani	  et	  al	  2010,	  Xia	  et	  al	  2012)	  	  
STRONG	  SHEAR	  (Herbert	  et	  	  2012)	  
SMALL	  SCALES	  HELICITY	  INJECTION	  	  (Sulem	  et	  al	  1986)	  	  

DIRECT	  <-‐>	  INVERSE	  ENERGY	  TRANSFER	  



1. NAVIER-STOKES 3D	
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NO	  FLUCTUATION-‐DISSIPATION	  

NON-‐GAUSSIAN	  DISSIPATION	  

SMALL	  SCALES	  VELOCITY	  
	  ROUGH	  

LARGE	  SCALES	  VELOCITY	  
	  SMOOTH	  



2. NAVIER-STOKES 3D	
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PDF	  

-‐ENERGY	  AND	  HELICITY	  CONSERVED	  	  
-‐FULLY	  TIME	  REVERSIBLE	  (INERTIAL	  SCALES)	  



2. NAVIER-STOKES 3D	


LARGE	  SCALES	  VELOCITY	  
	  SMOOTH	  

SMALL	  SCALES	  VELOCITY	  
	  ROUGH	  

PDF	  

-‐ENERGY	  AND	  HELICITY	  CONSERVED	  	  
-‐FULLY	  TIME	  REVERSIBLE	  ALL	  SCALES	  



2. NAVIER-STOKES 3D	


LARGE	  SCALES	  VELOCITY	  
	  SMOOTH	  

SMALL	  SCALES	  VELOCITY	  
	  ROUGH	  

PDF	  

-‐ENERGY	  AND	  HELICITY	  CONSERVED	  	  
-‐FULLY	  TIME	  REVERSIBLE	  ALL	  SCALES	  



ON	  THE	  ROLE	  OF	  INVISCID	  INVARIANTS	  (HELICITY	  &	  ENERGY)	  IN	  3D	  FORWARD/
BACKWARD	  ENERGY	  CASCADES	  





3D	  FULL	  NS	  EQUILIBRIUM	  WITH	  
	  POSITIVE	  TEMPERATURE	  

3D	  HELICAL	  	  NS	  EQUILIBRIUM	  WITH	  	  
NEGATIVE	  	  TEMPERATURE	  



3D	  FULL	  NS	  EQUILIBRIUM	  WITH	  POSITIVE	  TEMPERATURE	  
3D	  HELICAL	  	  NS	  EQUILIBRIUM	  WITH	  	  
NEGATIVE	  	  TEMPERATURE	  

2D	  

3D	  



out-‐of-‐
equilibrium	  

equilibrium	  

out-‐of-‐
equilibrium	  



Ddynamical	  ensemble	  equivalence	  (Gallavof)	  
reversible	  equilibrium	  ~	  irreversible	  	  flux	  coexistency	  





MILD	  SYMMETRY	  	  
BREAKING	  

-‐ 	  HOMOGENEOUS	  OK	  
-‐ 	  ISOTROPY	  OK	  
-‐	  MIRROR	  SYMMETRY	  NO	  



ALIVE	  

KILLLED	  

HELICAL	  DECIMATED	  NAVIER-‐STOKES	  EQUATIONS	  
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L.B.,	  S.	  MUSACCHIO	  &	  F.	  TOSCHI	  Phys.	  Rev.	  Lei.	  108	  	  164501	  (2012);	  JFM	  730,	  309	  	  	  (2013)	  	  	  

INVERSE	  ENERGY	  FLUX:	  FROM	  SMALL	  TO	  LARGE	  SCALES	  in	  3D!	  



LARGE	  SCALES	  FORCING:	  DIRECT	  HELICITY	  CASCADE	  

	  Urms	  

forcing	  

L.B.,	  S.	  MUSACCHIO	  &	  F.	  TOSCHI	  	  
	  	  	  730,	  309	  	  	  (2013)	  	  (2013)	  	  

FLUX	  HELICITY	  



HELICITY	  ?	  
-‐>	  forward	  cascade	  

• ANISOTROPY	  	  
• HELICITY	  =	  0	  

SPLIT	  ENERGY-‐HELICITY	  CASCADES	  

P.D.	  Mininni	  and	  A.	  Pouquet.	  Phys.	  Rev.	  E	  79,	  026304	  (2009)	  



CONFINEMENT	  3D	  !	  2D	  

PHASE	  
TRANSITION?	  

• ANISOTROPY	  	  
• HELICITY	  ==	  0	  

2D-‐>3D	  
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Nat	  Phys.	  2011	  



ESISTENCE	  AND	  UNIQUENESS	  OF	  WEAK	  SOLUTIONS	  OF	  THE	  HELICAL-‐DECIMATED	  NSE	  

HILBERT-‐NORM	  COINCIDES	  WITH	  THE	  SIGN-‐DEFINITE	  HELICTY	  

CONSERVATION	  HELICITY:	  NEW	  APRIORI	  BOUND	  ON	  THE	  VELOCITY	  

L.B.	  &	  E.	  TITI	  J.	  Stat.	  Phys.	  151,	  1089	  	  (2013)	  





ON	  THE	  ROLE	  OF	  HELICITY	  IN	  3D	  FORWARD/BACKWARD	  TURBULENT	  ENERGY	  TRANSFER	  

Q:	  Can	  we	  dissect	  (and	  reconstruct)	  	  NS	  equaQons	  to	  extract	  interesQng	  informaQon	  
from	  its	  elementary	  consQtuents?	  	  

A:	  Yes,	  we	  can!	  

1)  We	   showed	   that	  ALL	   flows	   in	   nature	   posses	   a	   class	   of	   nonlinear	   interacQons	  
characterized	   by	   a	   	   backward	   energy	   transfer	   (inverse	   energy	   cascade),	  
triggered	   by	   the	   dynamics	   of	   Helicity,	   and	   that	   this	   happens	   even	   in	   fully	  
isotropic,	  homogeneous	  3D	  turbulence	  

2)  ConnecQons	  to	  small-‐scales	  intermicency	  ?	  

3)  ConnecQons	  to	  	  regularity	  of	  NS	  equaQons	  in	  3D	  ?	  

4)  Extensions	  to	  Magnetohydrodynamics	  ?	  

5)  ConnecQons	  to	  energy	  reversal	  in	  rotaQng	  turbulence?	  

6)  How	  does	  energy	  really	  flow	  in	  Fourier	  space?	  	  	  


