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Inverse	and	Direct	cascades	in	turbulence,	revisited.	
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HOW	 TO	 USE	 UNCONVENTIONAL	 NUMERICS	 TO	 UNDERSTAND	 AND	
MODEL	EULERIAN	AND	LAGRANGIAN	TURBULENCE	 IN	2D,	3D	 (AND	 IN	
BETWEEN)	

Q:	CAN	WE	DISSECT	(AND	RECONSTRUCT)		NS	EQUATIONS	
TO	EXTRACT	INTERESTING	INFORMATION	FROM	ITS	
ELEMENTARY	CONSTITUENTS?		



A:	Yes,	we	can!	Let	us	look	at	the	role	played	by	helicity,	H:	

1)  We	 show	 that	 ALL	 flows	 in	 nature	 posses	 a	 class	 of	 nonlinear	
interac/ons	characterized	by	a	 	backward	energy	transfer	(inverse	
energy	 cascade),	 triggered	 by	 the	 dynamics	 of	 Helicity,	 and	 that	
this	happens	even	in	fully	isotropic,	homogeneous	3D	turbulence	

2)  Connec/ons	to	small-scales	intermi[ency	

3)  Connec/ons	to		regularity	of	NS	equa/ons	in	3D	

4)  Extensions	to	Magnetohydrodynamics	

5)  Other	‘unique’	numerical	tools	(Fractal	Fourier	Decima/on)	

ON	THE	ROLE	OF	HELICITY	IN	3D	FORWARD/BACKWARD	ENERGY	CASCADES	
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both	Energy	&	Helicity		
forward	cascades	

Helicity	forward	cascade	
Energy	inverse	cascade	
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3D	
2	invariants	
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see	also:	
J.C.	Andre	and		M.	Lesieur.	Journ.	Fluid	Mech.	81,	187	(1997)		



HELICITY	?	
->	forward	cascade	

• ANISOTROPY		
• HELICITY	=	0	

SPLIT	ENERGY-HELICITY	CASCADES	

P.D.	Mininni	and	A.	Pouquet.	Phys.	Rev.	E	79,	026304	(2009)	







TRIADIC	INTERACTION	IN	THE	WHOLE	NAVIER_STOKES	EQS	



TRIADIC	INTERACTION	IN	DECIMATED	NAVIER_STOKES	EQS	

REVERSE	



MAINLY	FORWARD	

TRIADIC	INTERACTION	IN	DECIMATED	NAVIER_STOKES	EQS	



MAINLY	BACKWARD	

TRIADIC	INTERACTION	IN	DECIMATED	NAVIER_STOKES	EQS	

M.	De	Pietro,	L.B.,	A.	A.	Mailybaev	
Phys.	Rev.	E	92,	043021	(2015)	



ONLY	FORWARD	

TRIADIC	INTERACTION	IN	DECIMATED	NAVIER_STOKES	EQS	



LOCAL	BELTRAMIZATION	(IN	FOURIER)	

ONLY	REVERSE	

decimated-NSE			



SMALL	SCALES	FORCING:	INVERSE	ENERGY	CASCADE	

forcing	

L.	B.,	S.	Musacchio	and	F.	Toschi	
Phys.	Rev.	Lei.	108		164501,	2012	
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1)	PERFECTLY	3D	AND	PERFECTLY	ISOTROPIC	

SMALL	SCALES	FORCING:	INVERSE	ENERGY	CASCADE	



LARGE	SCALES	FORCING:	DIRECT	HELICITY	CASCADE	

FLUX	HELICITY	
	Urms	

forcing	

L.	B.,	S.	Musacchio	and	F.	Toschi	
J.	Fluid	Mech.		730,	309			(2013)		



FROM	NS	TO	FULLY-HELICAL	

G.	Sahoo,	F.	Bonaccorso	and	L.	B.	
Phys.	Rev.	E	(2015)		



NEGATIVE	(OPPOSITE	SIGN)	HELICAL	MODES	->	CATALYZER	

G.	Sahoo,	F.	Bonaccorso	and	L.	B.	
Phys.	Rev.	E	(2015)		



TRIAD-BY-TRAID	BACKWARD	->	HELICAL	CONDENSATE	ON	THE	MINORITY	MODES	

G.	Sahoo,	L.B.	

Eur.	Phys.	J.	E	(2015)	38:	114.	



TRIAD-BY-TRAID	FORWARD	

G.	Sahoo,	L.B.	

Eur.	Phys.	J.	E	(2015)	38:	114.	



• ALL	3D	FLOWS	IN	NATURE	POSSES	A	SUBSET	OF	INTERACTIONS	RESPONSIBLE	OF	INVERSE	
(QUASI-GAUSSIAN)	ENERGY	CASCADE	AND	FORWARD	(NON-GAUSSIAN?)	HELICITY	CASCADE	

• SUCH	DECIMATED	NS	EQUATIONS	ARE	‘MORE’	REGULAR	THAN	THE	WHOLE	SYSTEM:	
EXISTENCE	AND	UNIQUENESS	OF	SOLUTIONS	CAN	BE	PROVED	

• EXACT	EQUATIONS	(à	la	Karman-Howart)	FOR	THRID	ORDER	CORRELATION	FUNCTIONS	CAN	
BE	DERIVED	

• 	MINORITY	MODES	WITH	(OPPOSITE)	HELICITY	SIGNS	->	CATALYZER	FOR	THE	FORWARD	
ENERGY	TRASFER	

• 	INTERMITTECY	STRONLGY	SENSITIVE	TO	HELICAL	MODE	REDUCTION	

HELICAL	CONDENSATES	

LARGE	SCALES	 SMALL	SCALES	


