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Abstract

We prove that conservation of the stress tensor is a consequence
of the invariance of the partition function under canonical diffeomor-
phisms. From this observation a simple and general derivation of
the formula which gives the local expression of the stress tensor of a
molecular system in terms of its microscopic degrees of freedom read-
ily follows. The derivation is valid in the canonical as well as the
micro-canonical ensemble. It works both in the classical and in the
quantum mechanical setting and for arbitrary boundary conditions. In
particular, if periodic boundary conditions are assigned to the system,
the usual minimal-image prescription is naturally born out for math-
ematical consistency. An interesting outcome of our general analysis
is that only in the case of a short-range interaction potential a truly
local formula for the stress tensor can exist.
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1 Introduction

We show in this paper that the microscopic expression of the stress tensor of
a molecular system can be derived from the general methods of Statistical Me-
chanics, by studying the response of the system under local (volume preserving)
deformations, after coupling it to an external force. The stress tensor is identified
by looking at the equilibrium condition that results from the invariance of the
partition function (appropriate to the ensemble in consideration) under the canon-
ical extension of the point-transformations (canonical diffeomorphisms) generating
local deformations.

The problem of constructing the stress tensor from general principles has been
considered in the past by a number of authors. A far from exhaustive list of papers
dealing with the classical and quantum cases can be found in [1, 2, 3, 4] and [5, 6],
respectively, as well as in the many references quoted therein.

In this work we rely on intrinsic invariance properties of the partition func-
tion exploiting a procedure very similar to that leading to the Nöther theorem
in classical Mechanics or rather to Ward-Takahashi identities in Quantum Field
Theory [7].

An important result of this general approach is that the expression of the
stress tensor depends on whether the interaction potential among the elementary
constituents of the system is short-range or not. While the expression we find reas-
suringly coincides with the standard formula currently used in actual simulations
in the first case (see eq. (3.20)), this is not so if the system is endowed with a non
short-range interaction potential. In such a situation the previous formula should
be replaced by the expression (5.5).

The strategy we have developed can be directly extended to a quantum me-
chanical setting, by making reference the local unitary operator that implements
the canonical diffeomorphism of the classical theory. The stress tensor, which, as
it should, is an hermitian operator, acquires a somewhat complicated form because
of the non-commutativity of canonically conjugate q and p variables.

It is important to emphasize that our method works with whichever boundary
conditions are imposed to the system, thanks to the local nature of diffeomorphism
transformations. In particular, we remark that the standard minimal-image pre-
scription [8] automatically emerges if the system obeys periodic boundary condi-
tions (PBC’s).

We also prove that both in the classical and the quantum case the formulae
we find for the stress tensor have the same expression in the canonical and micro-

canonical ensemble, as expected on the basis of general theorems [9].
We wish to conclude with the following important observation. It can be

show that the expressions one gets for the stress tensor in classical and quantum
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mechanics are both consistent with the equations that in Statistical Mechanics lead
to the virial formula for the pressure [10]. For the sake of conciseness we give here
the formal proof of this statement, only in the non trivial quantum mechanical
case (see Appendix B).

The plan of the paper is as follows. In Section 2 we recall the thermodynamic
and the statistico-mechanical definitions of stress tensor. In Sections 3 and 4 we
give a derivation of the microscopic expression of the stress tensor for a classical
system with short-range potential in the canonical and micro-canonical ensemble,
respectively, exploiting the invariance of the corresponding partition function un-
der canonical diffeomorphisms. In Section 5 we derive the formula of the stress
tensor for a system with non short-range interactions and discuss the micro ↔
macro transition, inherent in any statistico-mechanical approach to Thermody-
namics. In Section 6 we extend our arguments to the quantum case. Conclusions
can be found in Section 7. In Appendix A we discuss a technical problem related
to the notion of ensemble average in the micro-canonical ensemble. The content
of Appendix B was described before.

2 Definition of stress tensor

Following the classical books of ref. [10], we recall that the definition of the stress
tensor τab(~r ) at the point ~r is given by the thermodynamic formulae

τab(~r ) =
δA

δηab(~r )

∣

∣

∣

T
, or τab(~r ) = −T

δS

δηab(~r )

∣

∣

∣

E
, (2.1)

depending on whether one works at fixed temperature, T , or energy, E . In eqs. (2.1)
the symbol δ/δηab(~r ) means functional derivative at the point ~r, being ηab(~r ) the
deformation tensor at that point 1. The quantities A and S are the total Helmholtz
free energy and entropy of the system, respectively 2.

The symmetric tensor ηab describes the response of the system to a displace-
ment of its particle coordinates of the form ~r → ~r ′ = ~r ′(~r ), as it controls the
change of the relative square distance, dl2, of pairs of points through the equa-
tion [10]

dl2 → dl
′2 = dl2 + 2ηabdxadxb . (2.2)

1With reference to the spatial indexes a, b, c, . . . = 1, 2, . . . , D, the Einstein summation
convention over repeated indexes will be adopted in the following.

2For the purpose of this paper we have written the thermodynamic formulae yielding
the expression of the stress tensor in a slightly more general fashion than in ref. [10].

3



Introducing the definition ~u = ~r − ~r ′, one gets

ηab =
1

2

(∂ua

∂xb
+
∂ub

∂xa
+
∂uc

∂xa

∂uc

∂xb

)

. (2.3)

The formulae (2.1) have an immediate translation in the language of Statistical
Mechanics, if one simply remembers that the logarithm of the partition function is
(proportional to) the Helmholtz free energy in the canonical ensemble and to the
entropy in the micro-canonical ensemble. In the thermodynamic limit the same
result for the stress tensor should be obtained by the use of either one or the other
of the two equations (β = 1/kBT )

τab(~r ) = −
1

β

δ logZc

δηab(~r )
, (2.4)

τab(~r ) = −
1

β

δ logZmc

δηab(~r )
, (2.5)

where Zc and Zmc are the partition functions in the canonical and micro-canonical

ensemble. The above equations, although formally correct, are not of practical use
for the purpose of computing τ ab, because one does not know in general how to
enforce the constraint T = const in eq. (2.4) or E = const in eq. (2.5), while
taking the (functional) derivative with respect to the deformation tensor (recall
the formulae in eq. (2.1)).

In the next sections we propose and discuss a general strategy to overcome this
difficulty. The construction of τ ab(~r ) is carried out by subjecting the system to an
external force, ~Fext and exploiting the invariance of the partition function of this
“augmented” system under canonical point-transformation (canonical diffeomor-
phisms). One ends up in this way with a conservation equation of the type

∂τab(~r )

∂xb
+ F a

ext(~r ) = 0 , (2.6)

from which the expression of the stress tensor can be read off (up to the usual
ambiguity which amounts to adding to it a symmetric, divergenceless tensor 3).

3Some time after the publication of the seminal paper of ref. [1] it was realized that
the definition of stress tensor suffer from an apparently intrinsic ambiguity which amounts
to the possibility of adding a symmetric, divergenceless tensor. The authors of ref. [11]
suggested a way to parametrize this ambiguity and a prescription to fix it. The proposal
was checked in a number of applications and found inconsistent with the general principles
of Thermodynamics when applied to the calculation of properties at the interface of an
heterogeneous two component system with planar and/or spherical geometry [12]. Later
another interesting proposal to resolve the stress tensor definition ambiguity was put
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3 The stress tensor in the canonical ensemble

Let us consider a system consisting of N particles (atoms) of mass m, contained
in a box of volume V (of which for the moment we do not specify the nature of
the boundary conditions), described by the (classical) Hamiltonian

H[{q}, {p}] =
N

∑

i=1

(~pi)
2

2m
+ U [{q}] , (3.1)

U [{q}] =
1

2

N
∑

i=1

N
∑

j (6=i)=1

Uij(qij) , qij =
√

(~qij)2 , ~qij = ~qi − ~qj , (3.2)

with {q},{p} canonically conjugated variables and U modeled as a pairwise inter-
action potential.

We will call U a “short-range” potential, if Uij(qij) goes smoothly to zero for
qij > ξ, where ξ is a typical microscopic length (for instance, a length of the order
of a few times the Van der Waals atomic radius).

As we explained before, in order to derive the correct microscopic formula for
the stress tensor in its generality, we need to study the response of the system
described by the classical Hamiltonian (3.1) to an external force [10]. To this end
we add to the unperturbed Hamiltonian the external potential, Uext[{q}]. The
canonical partition function of this augmented system is

Zaug
c =

∫ N
∏

(dDp)

∫

V

N
∏

(dDq) exp
(

− βHext[{q}, {p}]
)

, (3.3)

Hext[{q}, {p}] = H[{q}, {p}] + Uext[{q}] , (3.4)

where
∏N (dDp)

∏N (dDq) is a short-hand for the D-dimensional integration mea-
sure over the system phase-space. While in (3.3) momentum integration is unre-
stricted, the integration over particle coordinates is limited to a box of volume V .
We start by discussing the case of a box with impenetrable and reflecting walls.

We want to show that the obvious invariance of Z aug
c under the change of inte-

gration variables induced by the canonical diffeomorphism (see sect. 3.2) associated

forward in ref. [13]. It consists in requiring that the stress tensor satisfy the so-called
“Saint-Venan compatibility condition”. The latter is a (non-local) condition involving the
curl of the stress tensor, which is thus capable of fixing the form of τab(~r ) uniquely. The
procedure was challenged in [14] and subsequently rebutted in [15], but no consensus was
reached. In conclusion, it is fair to say that the question of whether and how the apparent
ambiguity in the definition of the stress tensor could be resolved is still a matter of debate
in the literature (see also our observation below eq. (3.20))
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with the infinitesimal point-transformation

~qi → ~qi
′ = ~qi + ~ε (~qi) (3.5)

leads in the language of Statistical Mechanics to an equilibrium condition of the
form (2.6). A necessary condition the transformation (3.5) must fulfill is that it
must not deform the box in which the system is enclosed. We will then require the
vector function ~ε (~q ) to satisfy appropriate boundary conditions, chosen to match
the boundary conditions obeyed by the system. Thus, if the system is contained
in a box with impenetrable (and perfectly reflecting) walls, we will require ~ε (~q )
to vanish at the surface enclosing the box. If, instead, we are dealing with PBC’s,
the displacement (3.5) will have to be described by a function with exactly the
same periodicity conditions as those imposed on the system (see sect. 3.4).

Point-displacements not complying with boundary conditions inevitably lead
to difficulties, as often noticed in the literature. Examples of problematic choices
are coordinate shifts like qa

i → q
′a
i = qa

i + σab qb
i , with σab a constant tensor [5].

3.1 Point-transformations

In order to clarify the relation between the local conservation law (2.6) and the
invariance of the partition function under canonical diffeomorphisms, we start
discussing the case in which the interaction is short-range. We defer consideration
of the case where this condition is not fulfilled to sect. 5.

Under the displacement (3.5) coordinate differences are modified according to

qa
i − qa

j → q
′a
i − q

′a
j = qa

i + εa(~qi) − qa
j − εa(~qj) . (3.6)

The key observation is that only pairs of particles with relative distance smaller
than the interaction cut-off, ξ, appear in U , when the potential is short-range, and
thus need be considered. This means that the quantity qij is small for all pairs
contributing to the sum in (3.2), and we can expand the last term in the r.h.s. of
eq. (3.6) in powers of the difference ~qi − ~qj. What is to be meant by “small” in
this context is explained below (see sects. 3.3 and 5). Expanding around the point
~qi, we get from (3.6) 4

q
′a
i − q

′a
j = qa

i + εa(~qi) − qa
j − εa(~qi) + εab(~qi)q

b
ij = [δab + εab(~qi)]q

b
ij + . . . , (3.7)

4Had we chosen the mid-point ~q mp
ij = (~qi + ~qj)/2 as the expansion point, we would

have gotten q
′a
ij = [δab + εab(~q mp

ij )]qb
ij + . . .. Eq. (3.7) and the latter are, however, identical

to the order we work, because εab(~q mp
ij ) = εab(~qi) + O[qij ]. The same conclusion holds

expanding around any other point in the vicinity of ~qi and ~qj .
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where . . . represent terms of higher order in the differences qa
ij = qa

i − qa
j and

εab(~qi) =
∂εa(~q )

∂qb

∣

∣

∣

~q=~qi

. (3.8)

If we now work out the relation between (~qij
′)2 and (~qij)

2, we find an expression
which exactly parallels eq. (2.2), namely

(~qij
′)2 = (~qij)

2 + 2δηab(~qi) q
a
ij q

b
ij + . . . , (3.9)

δηab(~qi) =
1

2

(

εab(~qi) + εba(~qi) + εac(~qi)ε
cb(~qi)

)

, (3.10)

with the symmetric tensor δηab(~qi) representing the (infinitesimal) deformation
tensor of the system at the point ~qi.

3.2 Canonical transformations and partition function invariance

As is well known from elementary Mechanics [17] in order to make the point-
transformation (3.5) canonical, we must accompany it with the momentum trans-
formation

pa
i =

∂q
′a
i (~qi)

∂qb
i

p
′b
i = [δab + εab(~qi)]p

′b
i . (3.11)

The pair of eqs. (3.5) and (3.11) is what we have been referring to as a “canonical
diffeomorphism” in this paper.

Recalling that under a canonical transformation the phase-space measure is
invariant (i.e.

∏N (dDp)
∏N (dDq) =

∏N (dDp′)
∏N (dDq′)), we can conveniently

express the partition function (3.3) as an integral over the old variables {q}, {p}
through the formulae

Zaug
c =

∫ N
∏

(dDp)

∫

V

N
∏

(dDq) exp
(

− βHext[{q
′}, {p′}]

)

, (3.12)

Hext[{q
′}, {p′}] =

N
∑

i=1

((~pi
′)2

2m
+

1

2

N
∑

j (6=i)=1

Uij(q
′
ij)

)

+ Uext[{q
′}] , (3.13)

where the primed variables, ~qi
′, q′ij and ~pi

′ are given by eqs. (3.5), (3.9) and (3.11),
respectively. Explicitly, using the definitions (3.10) and (3.8) and limiting the
expansions to O(~ε) terms, one finds

q′ij = qij + δηab(~qi)
qa
ij q

b
ij

qij
+ . . . = qij +

1

2

(

εab(~qi) + εba(~qi)
) qa

ij q
b
ij

qij
+ . . . , (3.14)

(~pi
′)2 = (~pi)

2 − 2δηab(~qi) pi
a pb

i + . . . = (~pi)
2 −

(

εab(~qi) + εba(~qi)
)

pa
i p

b
i + . . . .

7



The canonical invariance of Zaug
c is now expressed by the condition that the r.h.s.

of eq. (3.12) is independent of the vector function ~ε (~r ). A convenient way to spell
out the consequences of this invariance is to make reference to the condition 5

δ logZaug
c

δεa(~r )

∣

∣

∣

~ε (~r )=0
= 0 . (3.15)

With the aid of the formulae (see eqs. (3.14))

δq′ij
δεa(~r )

∣

∣

∣

~ε (~r )=0
= −

qa
ij q

b
ij

qij

∂ δ(~r − ~qi)

∂xb
, (3.16)

δ(~pi
′)2

δεa(~r )

∣

∣

∣

~ε (~r )=0
= 2pi

api
b ∂ δ(~r − ~qi)

∂xb
, (3.17)

where higher order terms in qij have been neglected, an explicit calculation gives

0 = −
1

β

δ logZaug
c

δεa(~r )

∣

∣

∣

~ε (~r )=0
=

1

Zaug
c

∫ N
∏

(dDp)

∫

V

N
∏

(dDq)e−βHext[{q},{p}]

[ ∂

∂xb

N
∑

i=1

δ(~r − ~qi)
(pa

i p
b
i

m
−

1

2

N
∑

j (6=i)=1

∂Uij(qij)

∂qij

qa
ij q

b
ij

qij

)

+
N

∑

i=1

δ(~r − ~qi)
∂Uext[{q}]

∂qa
i

]

=

=
∂

∂xb

〈

N
∑

i=1

δ(~r − ~qi)
(pa

i p
b
i

m
+

1

2

N
∑

j (6=i)=1

qa
ij F

b
ij(~qij)

) 〉aug

c
+

−
〈

N
∑

i=1

δ(~r − ~qi)F
a
i,ext[{~q}]

〉aug

c
. (3.18)

In the above formulae δ(~r− ~qi) is the D-dimensional Dirac δ-distribution centered
at ~r = ~qi and the symbol 〈. . .〉aug

c means canonical average in the presence of the
external potential, Uext. In the last equality we have introduced the definitions

Fa
ij(~qij) = −

∂Uij(qij)

∂qa
i

= −
∂Uij(qij)

∂qij
·
qa
ij

qij
, Fa

i,ext[{~q}] = −
∂Uext[{q}]

∂qa
i

, (3.19)

which represent the force on the particle i exerted by particle j and the external
force acting on particle i, respectively.

5This procedure is very much reminiscent of the way in which Ward-Takahashi identities
are derived in Quantum Field Theory [7].
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3.3 Stress tensor

Comparing eq. (3.18) with the mechanical equilibrium condition (2.6), we can read
off the (correctly normalized) expression of the stress tensor. Setting Uext = 0, we
finally obtain for τ ab the microscopic formula

τab(~r ) = −
〈

N
∑

i=1

δ(~r − ~qi)
(pa

i p
b
i

m
+

1

2

N
∑

j (6=i)=1

qa
ij F

b
ij(~qij)

) 〉

c
. (3.20)

From the first of eqs. (3.19) we see that, as expected, τ ab is a symmetric tensor.
Furthermore, as shown in Appendix B, eq. (3.20) leads to the virial expression of
the pressure [10]. In view of this observation we may conclude that the leftover
ambiguity in the definition of the stress tensor which corresponds to the possibility
of adding to it a symmetric, divergenceless tensor (recall the note below eq. (2.6))
is actually reduced to tensors which on top of that are also traceless.

We end this section by showing that eq. (3.20) leads to the formula currently
used in actual simulations where ensemble averages are replaced by sums over
configurations.

The fundamental issue in this discussion is under which conditions it is pos-
sible to assume that the difference qij = |~qi − ~qj| is small so as to be entitled to
use eqs. (3.16) and (3.17). The answer can only be given by looking at the mi-

cro→macro transition step inherent in the construction of Thermodynamics from
Statistical Mechanics. The way to properly carry out this step is to construct
the (continuum-like) definition of the stress tensor at the point ~r by taking the
average of its microscopic expression over a volume, v~r, centered around ~r, with
linear dimensions much smaller than the macroscopic scale set by the resolution
power of the measuring apparatus, Rrp, but very large compared to the micro-
scopic scale set by the interaction radius, ξ. The condition v~r � ξ is necessary
precisely to “quench” the statistical fluctuations associated with the granularity
of the microscopic scale and can be fulfilled at the same time as v~r

1/D � Rrp,
provided the hierarchy of scales ξ � v~r

1/D � Rrp holds, i.e. provided the inter-
action potential is short-range on the scale of Rrp. If this is the case, when we
perform the volume average over v~r, the only terms contributing to the double sum
in eq. (3.20) are those which involve pairs of particle i, j whose relative distance,
qij, is indeed “small” compared to the linear dimensions of v~r. Obviously one
must also have a not too low number density in order not to have too few average
particles belonging to v~r. Only if all these conditions are met, then by replacing
the ensemble average, 〈. . .〉c, with the sum over configurations, 1

Nconf

∑Nconf

`=1 [. . .](`),
one obtains from eq. (3.20) (after averaging over v~r) the correct smoothly varying
local expression of τ ab that could be used in actual simulations. Notice that the
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formula routinely used and most frequently reported in books is the one obtained
after averaging over the full volume occupied by the system.

3.4 The case of periodic boundary conditions

It is interesting to explicitly see how formulae (3.18) and (3.20) get modified if
PBC’s are assigned to the system. We recall that mathematically PBC’s are
implemented by taking U as a periodic function of its arguments. For instance,
for a hyper-cubic periodic box of side L one has

Uij(qij) =
∑

~n

Uij(q
(~n)
ij ) , q

(~n)
ij = |~qi − ~qj − ~nL| , (3.21)

where ~n ≡ (n1, n2, . . . , nD), na ∈ Z, a = 1, 2, . . . , D, and it is understood that the
term with ~n = (0, 0, . . . , 0) is absent in the sum over ~n when i = j.

As we pointed out before (see the remarks below eq. (3.5) in sect. 3), in this
situation the infinitesimal parameter ~ε (~q ) will have to match the periodicity prop-
erties of the potential. In fact, since

I) ~qi → ~qi + ~ε (~qi) implies II) ~qi + ~nL→ ~qi + ~nL+ ~ε (~qi + ~nL) , (3.22)

by adding the vector ~nL to the two sides of the relation I), we find for consistency
from II) that also ~ε (~q ) must be a periodic function of ~q, satisfying

~ε (~q ) = ~ε (~q + ~nL) . (3.23)

A relation similar to eq. (3.7) holds even in the case of PBC’s. More precisely
eqs. (3.6) and (3.7) are replaced by the formulae

qa
i − (qa

j + naL) →

→ q
′a
i − (q

′a
j + naL) = qa

i + εa(~qi) − [qa
j + naL+ εa(~qj + ~nL)] , (3.24)

q
′a
i − (q

′a
j + naL) = qa

i − (qa
j + naL) + εab(~qi)[q

b
i − (qb

j + nbL)] + . . . =

= [δab + εab(~qi)] [q
b
i − (qb

j + nbL)] + . . . , (3.25)

respectively. Again we remark that the expansion in eq. (3.25) works just because
we are assuming that the interaction potential is short-range, in other words that
only pairs of particles with |~qi − ~qj − ~nL| < ξ contribute to U .

The whole argument developed in sects. 3.2 and 3.3 goes through as before,

provided everywhere ~qij is replaced by ~q
(~n)
ij . The final expression of τ ab(~r ) is

τab(~r ) = −
〈

N
∑

i=1

δ(~r − ~qi)
(pa

i p
b
i

m
+

1

2

N
∑

j=1

′′
∑

~n

q
(~n) a
ij F b

ij(~q
(~n)
ij )

) 〉

c
, (3.26)
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where the point ~r belongs to the “central” box on which we concentrate our at-
tention and the double dash in the sum over j means that the term with j = i
is absent if ~n = (0, 0, . . . , 0). Clearly, if the interaction potential is cut-off at dis-
tances smaller than half the linear dimension of the box (as it is always done in
order to avoid interactions with mirror self-images), the sum over ~n is effectively
reduced to na = 0,±1, a = 1, 2, . . . , D. One can then drop the sum over ~n alto-
gether and employ the minimal-image prescription [8] in computing the virial term
in eq. (3.26), which is what is currently done in numerical applications.

4 The stress tensor in the micro-canonical ensemble

Extending the arguments given in the previous section to the micro-canonical

ensemble is not difficult. For definiteness let us explicitly illustrate the case of
impenetrable walls. The case of PBC’s can be dealt with along similar lines.

The expression of the micro-canonical partition function is

Zmc =

∫ N
∏

(dDp)

∫

V

N
∏

(dDq) δ
[

E −H[{q}, {p}]
]

, (4.1)

from which the basic relations of Thermodynamics for temperature and pressure
are obtained

1

kBT
=
∂ logZmc

∂E

∣

∣

∣

V
,

π

kBT
=
∂ logZmc

∂V

∣

∣

∣

E
. (4.2)

The ensemble average of a generic thermodynamic quantity f [{q}, {p}] is computed
according to the formula

〈f〉mc =
1

Zmc

∫ N
∏

(dDp)

∫

V

N
∏

(dDq) δ
[

E −H[{q}, {p}]
]

f [{q}, {p}] . (4.3)

For future use we note that eq. (4.2) takes the explicit form

β =
1

kBT
=

1

Zmc

∫ N
∏

(dDp)

∫

V

N
∏

(dDq) δ′
[

E −H[{q}, {p}]
]

, (4.4)

where δ′(x) = dδ(x)/dx is the derivative of the Dirac δ-distribution.
The construction of the stress tensor in the micro-canonical ensemble is straight-

forward, given the results we have already gotten. Like in sect. 3.2, it is enough
to exploit the invariance of the augmented micro-canonical partition function

Zaug
mc =

∫ N
∏

(dDp)

∫

V

N
∏

(dDq) δ
[

E −Hext[{q}, {p}]
]

, (4.5)
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under the canonical transformation defined by the eqs. (3.5) and (3.11). As before,
Zaug

mc describes the Thermodynamics of the system in the presence of the external
potential Uext. By the same steps that brought us to eq. (3.18) we now obtain

0 = −
1

β

δ logZaug
mc

δεa(~r )

∣

∣

∣

~ε(~r )=0
=

1

βZaug
mc

∫ N
∏

(dDp)

∫

V

N
∏

(dDq) δ′
[

E −H[{q}, {p}]
]

·

·
[ ∂

∂xb

N
∑

i=1

δ(~r − ~qi)
(pa

i p
b
i

m
+

1

2

N
∑

j (6=i)=1

qa
ij F

b
ij(~qij)

)

+
N

∑

i=1

δ(~r − ~qi)
∂Uext[{q}]

∂qa
i

]

. (4.6)

The only delicate point about this equation is that it is not immediately of the form
of a “bona fide” micro-canonical ensemble average, like eq. (4.3). The integrand
in eq. (4.6) contains, in fact, the derivative of a Dirac δ-distribution, δ ′[E − H],
and not just δ[E − H]. In Appendix A we show that in the thermodynamic limit
(N,V → ∞, V/N = fix), in alternative to eq. (4.3), ensemble expectation values
can be equally well expressed by a phase-space integral where the distribution
δ′[E −H] enters, by means of the formula (see eq. (4.4))

〈f〉mc =
1

βZmc

∫ N
∏

(dDp)

∫

V

N
∏

(dDq) δ′
[

E −H[{q}, {p}]
]

f [{q}, {p}] . (4.7)

With this result the rest of the proof goes through exactly as in sect. 3.3, because
all the arguments we made after eq. (3.18) apply also here. We then conclude that
a relation which exactly parallels eq. (3.20) holds, i.e.

τab(~r ) = −
〈

N
∑

i=1

δ(~r − ~qi)
(pa

i p
b
i

m
+

1

2

N
∑

j (6=i)=1

qa
ij F

b
ij(~qij)

) 〉

mc
, (4.8)

the only difference being that now the average is obviously taken over the micro-

canonical ensemble.

5 The case of a non short-range potential

In this section we want to see how the previous formulae get modified if the interac-
tion potential between the elementary constituents of the system is not short-range.

Going back to the argument developed in sect. 3, we see that the only modi-
fication we need to make in computing the functional derivative of the canonical

partition function 6 is that we have to keep the point-transformation ~qi → ~qi
′ in

6For definiteness we refer to the canonical case, but exactly the same argument could
be made for the micro-canonical partition function.

12



the form (3.5), without truncating it to the first term as done in eq. (3.7). Thus
with respect to what was done in sect. 3.2 we have to replace (3.16) with

δq′ij
δεa(~r )

∣

∣

∣

~ε (~r )=0
=
qa
ij

qij

[

δ(~r − ~qi) − δ(~r − ~qj)
]

. (5.1)

This change affects eq. (3.18), which now becomes

∂

∂xb

〈

N
∑

i=1

δ(~r − ~qi)
pa

i p
b
i

m

〉aug

c
+

+
〈1

2

N
∑

i=1

N
∑

j (6=i)=1

qa
ij

qij

∂Uij(qij)

∂qij

[

δ(~r − ~qi) − δ(~r − ~qj)
] 〉aug

c
+

−
〈

N
∑

i=1

δ(~r − ~qi)F
a
i,ext[{~q}]

〉aug

c
= 0 . (5.2)

We notice that the second term in eq. (5.2) is not immediately of the form of a
divergence of a two-index (symmetric) tensor. To prove that this is, however, the
case, it is convenient to “Taylor-expand” the difference of Dirac δ-distributions in
the square parenthesis by replacing eq. (5.1) with the series

δq′ij
δεa(~r )

∣

∣

∣

~ε (~r )=0
= −

qa
ijq

b
ij

qij

∂

∂xb

∞
∑

n=0

1

(n+ 1)!

[

~qij
∂

∂~r

]n
δ(~r − ~qi) . (5.3)

It may be useful to rewrite eq. (5.3) in the more compact form

δq′ij
δεa(~r )

∣

∣

∣

~ε (~r )=0
= −

qa
ijq

b
ij

qij

∂

∂xb

∫ 1

0
dt δ[~r − ~qi + t~qij] , (5.4)

which explicitly shows that, if one can set ~qij = 0 in the argument of the Dirac
δ-distribution, one gets back eq. (3.16) from which the kind of formulae for the
stress tensor we derived in the previous sections follow. Viceversa, keeping the full
form of eq. (5.4), one obtains

τab(~r ) = −
〈

N
∑

i=1

(

δ(~r − ~qi)
pa

i p
b
i

m
+

1

2

N
∑

j (6=i)=1

qa
ijF

b
ij(qij)

∫ 1

0
dt δ[~r − ~qi + t~qij]

)〉

c
. (5.5)

This formula is in full agreement with the expression given in ref. [1]. Our pro-
cedure is thus seen to provide a further justification for the choice of the straight
line integration path between pairs of particles in the force term contribution to
eq. (5.5).
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The emergence of a non-local formula may appear somewhat surprising in view
of the fact that coordinate differences and momenta, hence the whole Hamiltonian,
are exactly invariant under a q-independent transformation (constant translation).
Unlike what happens in Field Theory where global invariance is sufficient to de-
rive the existence of a conserved local quantity when the transformation is made
local, here we get a non-local conserved tensor because the interaction potential,
differently from the case of Field Theory, is not point-like.

The real difficulty with eq. (5.5) is that, unlike the situation where the in-
equalities ξ � v~r

1/D � Rrp hold, the value of the stress tensor at the point ~r
receives contributions also from particles located at large distances, where “large”
here means larger than the apparatus resolution power. This makes impossible to
define a quenching volume for statistical fluctuations (like v~r in the short-range
case), hence very problematic the construction of a spatially smoothly varying
stress tensor in the thermodynamic limit.

We close this section with two observations. The first is that, as already
remarked by the authors of ref. [18], the Fourier transform of eq. (5.5) takes a
somewhat more manageable form which can be of help in numerical simulations.
One gets, in fact

τ̂ab(~k ) ≡

∫

d~r τab(~r ) e1
~k ~r =

= −
〈

N
∑

i=1

( pa
i p

b
i

m
ei

~k ~qi +
1

2

N
∑

j (6=i)=1

qa
ijF

b
ij(qij)

ei
~k ~qi − ei

~k ~qj

i~k~qij

)〉

c
. (5.6)

Secondly we note that eq. (5.5) reduces to the local formula not only, as we
remarked above, if one can drop the term t~qij in the argument of the Dirac δ-
distribution, but also if the latter is replaced by some smoother (normalized)
sharply peaked function. The proof of compatibility of this procedure with the
general equation of continuum Mechanics as well as interesting applications of this
prescription can be found in the papers of ref. [19].

6 The stress tensor in quantum Statistical Mechanics

In a quantum mechanical framework the partition function which describes the
Statistical Mechanics of a system with canonically conjugate variables {q}, {p}
takes the form 7

Zqu
c = Tr

[

exp
(

− βHqu[{q}, {p}]
)]

(6.1)

7For simplicity we will keep using the symbols {q} and {p} for the quantum mechanical
operators describing the system coordinates and momenta.
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in the canonical ensemble, and

Zqu
mc = Tr

[

δ
(

E −Hqu[{q}, {p}]
)]

(6.2)

in the micro-canonical one, where Hqu[{q}, {p}] is the quantum mechanical op-
erator which represents the Hamiltonian of the system. Concretely in the q-
representation Hqu[{q}, {p}] is obtained from the classical expression (3.1) with
the replacement pa

i → −ιh̄ ∂/∂qa
i (correspondence principle).

The traces in eqs. (6.1) and (6.2) are taken over an orthonormal basis in the
Hilbert space of states of the system. In this paper we only consider the case
of Bose particles 8. Furthermore, we will explicitly illustrate the construction of
the stress tensor only in the case of the canonical ensemble, because, as it will be
apparent from the analysis that follows, the construction in the micro-canonical

case can be dealt with in a completely analogous way, just like we did in the
classical setting, previously discussed in sects 3 and 4.

6.1 Point-transformations in Quantum Mechanics

In order to extend to the quantum case the construction of the stress tensor carried
out in the previous sections, we need to determine the form of the unitary operator,
U [{~ε }], that implements the (infinitesimal) point-transformation (3.5). Requiring

U [{~ε }] qa
i U

†[{~ε }] = qa
i + εa(~qi) + O(ε2) , (6.3)

one gets, to first order in ~ε (which is what is of interest to us here)

U [{~ε } = 11 +
ι

2h̄

N
∑

j=1

[

~pj · ~ε(~qj) + ~ε(~qj) · ~pj

]

+ O(ε2) . (6.4)

With the aid of eq. (6.3) and the formula

U [{~ε }] pa
i U

†[{~ε }] = pa
i −

ι

h̄

[

(pa
i~ε (~qi))~pi +

1

2
pa

i ~pi~ε (~qi)
]

+ O(ε2) , (6.5)

one can compute the behaviour of the kinetic and potential terms of Hqu[{q}, {p}]
under the transformation induced by U [{~ε }]. For each term contributing to the

8A powerful formulation of Quantum Statistical Mechanics, valid both for Bose and
Fermi particles, is possible if the representation of the partition function as a functional
integral over (non-relativistic) creation and annihilation field variables is employed. In this
formalism field variables for Bose particles are functions that take c-number values, while
for Fermi particles they take value in a Grassmannian algebra. The use of this general
formalism is beyond the scope of this paper.
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sums over j and/or i in the Hamiltonian (from now on ignoring irrelevant O(ε2)
terms), one obtains

U [{~ε }]Uij(qij)U
†[{~ε }] = Uij(qij) +

∂Uij(qij)

∂qij

1

qij
~qij · [~ε (~qi) − ~ε (~qj)] , (6.6)

U [{~ε }] pa
i p

a
i U

†[{~ε }] = pa
i p

a
i +

−
ι

h̄

[

2(pa
i~ε (~qi))~pip

a
i + (pa

i ~pi~ε (~qi))p
a
i + (pa

i p
a
i~ε (~qi))~pi +

1

2
(pa

i p
a
i ~pi~ε (~qi))

]

. (6.7)

6.2 Invariance of the quantum partition function

The invariance of the quantum partition function, Z qu
c (the same would hold for

Zqu
mc), under point-transformations follows from the identity

Tr
[

U [{~ε }] exp
(

−βHqu[{q}, {p}]
)

U †[{~ε }]
]

= Tr
[

exp
(

−βHqu[{q}, {p}]
)]

. (6.8)

This statement remains true also if we add an external potential to Hqu[{q}, {p}]
and we consider the augmented system described by the Hamiltonian

Hqu
ext[{q}, {p}] = Hqu[{q}, {p}] + Uext[{q}] . (6.9)

Analogously to the classical case, in order to deduce the expression of the stress
tensor, we proceed by exploiting the condition ensuing from the vanishing of the
functional derivative of the quantum mechanical partition function of the aug-
mented system with respect to the parameters of the unitary operator (6.4). This
condition reads

0 = −
1

β
Tr

[δ exp
(

− βHqu
ext[{q}, {p}; {~ε }]

)

δεa(~r )

∣

∣

∣

~ε(~r )=0

]

=

= Tr
[

exp
(

− βHqu
ext[{q}, {p}]

) δHqu
ext[{q}, {p}; {~ε }]

δεa(~r )

∣

∣

∣

~ε(~r )=0

]

, (6.10)

where
Hqu

ext[{q}, {p}; {~ε} ] = U [{~ε }]Hqu
ext[{q}, {p}]U

†[{~ε }] . (6.11)

The second equality in eq. (6.10) is not completely trivial because we are dealing
here with operator functions which do not necessarily commute. However, one can
convince oneself that under the trace operation the reordering of operators implicit
in the way the above formula has been written is perfectly legitimate.

From now on, the calculation is pretty much analogous to the one that was
carried out in sect. 3.2 in the case of a short-range potential, and in sect. 5 in
the opposite case. For simplicity we report below only the formulae valid for the
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case of a short-range potential, but formulae for the other case can be immediately
recovered by replacing eq. (3.16) with eq. (5.1).

It is worth observing that the somewhat involved form taken by the varia-
tion of the kinetic term of the quantum Hamiltonian (see eq. (6.7)) comes about
because the parameter ~ε (~qi) is a coordinate dependent function which does not
commute with the canonically conjugate momentum operators ~pi. In spite of this
complication, the resulting functional derivative can be cast in the form of the
divergence of a two index symmetric tensor. Indeed one gets for τ ab(~r ) (compare
with eq. (3.20))

τab(~r ) = −
〈

N
∑

i=1

δ(~r − ~qi)
(pa

i p
b
i

m
+

1

2

N
∑

j (6=i)=1

qa
ij F

b
ij(~qij)

)

+

+
1

2m

N
∑

i=1

[

(pb
iδ(~r − ~qi))p

a
i + (pa

i δ(~r − ~qi))p
b
i +

1

2
(pa

i p
b
iδ(~r − ~qi))

] 〉qu

c
, (6.12)

where 〈. . .〉qu
c = Tr

[

. . . exp
(

− βHqu[{q}, {p}]
)]

.

The formula (6.12) defines an hermitian operator and it is fully consistent
with the correspondence principle of Quantum Mechanics. In particular, we show
in Appendix B that the expression of the pressure for a (homogeneous) system that
one would get employing the standard thermodynamic equation (which defines the
pressure as proportional to the derivative of the Helmholtz free energy with respect
to the volume) leads precisely to the quantum analog of the classical virial formula
for the pressure. This is consistent with the fact that (after replacing the momenta
acting on the Dirac δ-distributions by derivatives with respect to the coordinates
of the external point, ~r ) the last three terms in eq. (6.12) can be cast in the form

{ h̄

2mι

∂

∂xb

[

〈
N

∑

i=1

δ(~r − ~qi)p
a
i 〉

qu
c +

1

4

∂

∂xa
〈

N
∑

i=1

δ(~r − ~qi) 〉
qu
c

]}

+
{

a↔ b
}

, (6.13)

which shows that they will give vanishing contributions upon integration over the
volume of the box containing the system.

We wish to end this section by observing that the whole procedure we have
discussed above is based on the construction the unitary operator that implements
the classical notion of canonical diffeomorphisms in the quantum mechanical for-
malism. In this way we have been able to go one little step beyond the known
results present in the literature (see, for instance, refs. [5, 6] and the many papers
quoted therein), which all have the seminal works in ref. [20] as basic starting
points. We have extended the standard computation of the ground state expecta-
tion value of the stress tensor operator, which is relevant at zero temperature, by
establishing a formula valid at any temperature. This has required computing the
expectation value of the stress tensor in all the energy eigenstates of the system.
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7 Conclusions

In this paper we have given a simple and generally valid derivation of the mi-
croscopic expression of the stress tensor of a molecular system in the canonical

and micro-canonical ensemble, using the methods of Statistical Mechanics both
in the classical and the quantum case. The approach exploits the invariance of
the partition function under the canonical or, respectively, unitary, infinitesimal
point-transformations (canonical diffeomorphisms). The stress tensor is identified
by looking at the response of the system to an external force. The strategy we
are advocating can be applied to systems with any type of boundary conditions.
The latter are, in fact, encoded in the boundary conditions to be assigned to the
deformation parameter ~ε (~r ). Formulae for the cases of impenetrable, perfectly
reflecting, walls and of PBC’s have been explicitly worked out.

We have shown that, not unexpectedly [10], a truly local form of the stress
tensor only exists for systems with short-range potentials. In this case one gets
an expression which can be made to coincide with the kind of formulae currently
used in simulations, after averaging over appropriately chosen spatial volumes. For
systems with long-range potentials, instead, it does not appear to be possible to
arrive at a sensible definition of a spatially smoothly varying stress tensor.

The procedure we have presented is very elegant and simple, but where it
shows all its power is in dealing with the case of a quantum system. To our best
knowledge the approach we have spelled out in this paper is the only one which
can be consistently employed in this situation. As we have seen the use of a point-
dependent deformation parameter is mandatory if we want to comply with the
specific boundary conditions imposed to the system and arrive at the construction
of a local expression for the stress tensor. The extra complication that because
of this arises quantum-mechanically is that the coordinate dependent quantity
~ε (~qi ) does not commute with the canonically conjugate momentum operators ~pi.
Mathematically this is the origin of the somewhat complicated structure taken
by the kinetic contribution in eq. (6.12). This structure, however, automatically
emerges from the formalism and it is necessary for the stress tensor to be an
hermitian quantum operator.

We end by observing that the formulae we find for τ ab in the various instances
we have discussed are in full agreement with the corresponding expressions for the
pressure one can independently derive from the general relations of Thermody-
namics, i.e. the relations in eqs. (4.2) and (B.1) in the classical and quantum case,
respectively. This agreement is explicitly checked in Appendix B in the non trivial
quantum-mechanical setting.
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ing the manuscript. One of us (G.C.R.) gratefully acknowledged the Humboldt

18



Foundation for financial support. This work was partially supported by M.I.U.R.,
I.N.F.N., I.N.F.M. and C.N.R. (Italy).

Appendix A - On micro-canonical averages

In this Appendix we prove that in the thermodynamic limit (N,V → ∞, V/N =
fix) the micro-canonical ensemble expectation value (4.3) of the extensive quantity
f can be equally well expressed by a phase-space integral, where the distribution
δ′[E −H] (instead of δ[E −H]) enters. Indeed, with the definition

〈〈f〉〉 =
1

βZmc

∫ N
∏

(dDp)

∫

V

N
∏

(dDq) δ′
[

E −H[{q}, {p}]
]

f [{q}, {p}] , (A.1)

we want to show that

lim
N,V →∞,V/N=fix

〈〈f〉〉 − 〈f〉mc

〈f〉mc
= 0 . (A.2)

To this end we first note that from eq. (4.4) the algebraic identity

∂ [〈f〉mc]

∂E
= β

[

〈〈f〉〉 − 〈f〉mc

]

(A.3)

readily follows. The key observation at this point is that in the thermodynamic
limit one can successively write

β
〈〈f〉〉 − 〈f〉mc

〈f〉mc
=

1

〈f〉mc

∂ [〈f〉mc]

∂E
=

1

〈f〉mc

∂β

∂E

∂ [〈f〉mc]

∂β
=

=
[∂[〈H〉c]

∂β

]−1 1

〈f〉c

∂ [〈f〉c]

∂β
= −

1

〈f〉c

〈fH〉c − 〈f〉c〈H〉c
〈H2〉c − 〈H〉2c

. (A.4)

The third equality of this chain is obtained exploiting the thermodynamic equiv-
alence of canonical and micro-canonical ensembles. According to the general as-
sumptions of Statistical Mechanics [9], we conclude that the last term in eq. (A.4)
vanishes in the thermodynamic limit, because the first factor, which is the inverse
of the ensemble expectation value of an extensive quantity, behaves as 1/N , while
the second factor is a quantity of order 1. The latter is, in fact, a ratio of quadratic
fluctuations which have an equal (linear) rate of growth with N .

Appendix B - The virial formula for the pressure in

Quantum Statistical Mechanics

In this Appendix we want to show that, consistently with the correspondence prin-
ciple, the virial formula for the pressure [10] also holds for a quantum mechanical
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system, with the obvious understanding that now {q}’s and {p}’s are not numbers,
but hermitian operators acting on the Hilbert space of states and the ensemble av-
erage is performed by tracing with the quantum Boltzmann weight factor. As
observed in sect. 6.2, this is also the result one gets from eq. (6.12) after averaging
over volume and tracing over spatial indexes.

For definiteness we discuss the case of the canonical ensemble, though the
argument we develop applies essentially unchanged if we were to work in the micro-

canonical ensemble. The statistico-mechanical definition of pressure is

π =
1

β

∂ logZqu
c

∂V
=

1

β

∂ log Tr[e−βHqu

]

∂V
, (B.1)

where in the second equality we have used eq. (6.1). It is convenient to expressed
the trace of the operator e−βHqu

as the sum of its eigenvalues. In this way one
gets

π =
1

β

∂ log
∑

n e
−βEn

∂V
= −

1
∑

n e
−βEn

∑

n

e−βEn
∂En

∂V
, (B.2)

where the En’s are the eigenvalues of the quantum Hamiltonian

Hqu[{q}, {p}]ψn[{q}] = Enψn[{q}] , (B.3)

Hqu[{q}, {p}] = −
h̄2

2m

N
∑

i=1

∂2

∂~qi∂~qi
+ U [{q}] . (B.4)

The boundary conditions assigned to the system translate into appropriate math-
ematical constraints that make (B.3) a well posed Sturm-Liouville problem.

The derivative of En with respect to V is more easily computed employing the
quantum mechanical relation

En =

∫

V

N
∏

(dDq)ψ?
n[{q}]Hqu[{q}, {p}]ψn[{q}] , (B.5)

because the implicit V dependence of En can be made fully apparent by the rescal-
ing ~si = ~qi/L of the integration variables. With reference to a hyper-cubic box of
volume V , where L = V 1/D, eq. (B.5) can, in fact, be cast in the expressive form

En = V N
∫

B1

N
∏

(dDs)ψ?
n[{Ls}]Hqu

[

{Ls}, {
h̄

2mιL

∂

∂s
}
]

ψn[{Ls}] , (B.6)

where B1 is the unit D-dimensional hyper-cube. The key observation is now that
in computing the derivative of En with respect to V only the explicit volume
dependence in the Hamiltonian gives a non-vanishing contribution. The reason
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is that the term that results from taking the derivative of the factor V N is ex-
actly canceled by the contributions coming from the volume dependence of the
eigenfunctions. For the first term one simply gets NEn/V (after reabsorbing the
factor V N , when the original integration variables are reintroduced). On the other
hand, when the volume derivative acts on the eigenfunction ψn and its complex
conjugate, one obtains

∫

B1

N
∏

(dDs)
{

N
∑

i=1

~si
∂ψ?

n[{q}]

∂~qi

∣

∣

∣

~q=L~s
Hqu

[

{Ls}, {
h̄

2mιL

∂

∂s
}
]

ψn[{Ls}] +

+ψ?
n[{Ls}]Hqu

[

{Ls}, {
h̄

2mιL

∂

∂s
}
]

N
∑

i=1

~si
∂ψn[{q}]

∂~qi

∣

∣

∣

~q=L~s

}V N+1/D

V D
. (B.7)

Replacing the hermitian operator Hqu acting on the eigenfunction ψn (first line), or
on ψ?

n (second line) by the corresponding eigenvalue, En, the two terms in eq. (B.7)
can be combined together to give

En

V D
V N+ 1

D

∫

B1

N
∏

(dDs)
N

∑

i=1

~si
∂|ψn[{q}]|2

∂~qi

∣

∣

∣

~q=L~s
=

=
En

V D

∫

V

N
∏

(dDq)
N

∑

i=1

~qi
∂|ψn[{q}]|2

∂~qi
, (B.8)

where in the second equality the original integration variables {q} have been rein-
troduced. Now an integration by parts immediately shows that the quantity (B.8)
equals −NEn/V and exactly cancels the previous contribution. As a result (just
like in the classical case) the only terms we are left with are those coming from
the Hamiltonian volume dependence visible in eq. (B.6). One thus gets

∂En

∂V
=

1

V D

∫

V

N
∏

(dDq)ψ?
n[{q}]

[ h̄2

m

N
∑

i=1

∂2

∂~qi∂~qi
+

N
∑

i=1

~qi
∂U [{q}]

∂~qi

]

ψn[{q}] . (B.9)

In the first term in the square bracket of eq. (B.9) one recognizes (minus) twice
the kinetic energy operator (2K) and in the second (minus) the virial of the forces
(W). Inserting the result (B.9) back into eq. (B.2), one can successively write

π = −
1

∑

n e
−βEn

∑

n

e−βEn
∂En

∂V
=

=
1

V D

1
∑

n e
−βEn

∑

n

e−βEn

∫

V

N
∏

(dDq)ψ?
n[{q}](2K + W)ψn[{q}] =

=
1

V D

1
∑

n e
−βEn

∑

n

∫

V

N
∏

(dDq)ψ?
n[{q}](2K + W)e−βHqu

ψn[{q}] =
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=
1

V D

1

Tr[e−βHqu ]
Tr[(2K + W)e−βHqu

] =
1

V D
〈2K + W 〉qu

c . (B.10)

The latter is the virial formula for the pressure. Recalling eqs (6.12) and (6.13)),
we see that it coincides with the volume average of

∑D
a=1 τ

aa/D.
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