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ABSTRACT

The significance and the measurement of the average density of the Universe is
reviewed at introductory level. Current observations of the Cosmic Microwave
Background anisotropy measure the density to be critical with an accuracy of
the order of 10%.

1 Which density ?

Cosmology studies the Universe at large scales (> 100 Mpc). Building blocks
for the visible Universe are the Galaxies. The galaxy distribution is close
to homogenous at very large scales (see e.g. 1) 2)) So, as a zero order
approximation, Cosmology studies the evolution of a homogeneous medium.
The only force effective at very large scales is gravity, and we believe that
the correct theory of gravity is general relativity. For this reason, we will refer
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to the mass-energy density of the idealized homogeneous medium when we will
speak about the density of the Universe. We need to include all the forms of
energy contributing to the stress-energy tensor in Einstein’s field equations.

Note that the assumption of a homogenous model is crucial. The density
of a fractal distribution of matter, for example, is not even defined.

2 Mass-Energy Density and the Expansion of the Universe

The average mass-energy density is a very important parameter. We know,
since Hubble’s observations, that the Universe is expanding now. The expan-
sion rate is described by the Hubble constant H, ~ 70 km/s/Mpc 3). The
Friedmann model of the Universe describes such a system, solving Einstein’s
field equation in the isotropic homogeneous case 13) The striking result of this
General Relativistic analysis is that a static Universe is forbidden. Assuming
that only matter and radiation are present, there are three families of solutions:
expanding forever, critical, expanding and re-collapsing. The kind of expansion
depends on the amount of mass-energy present in the Universe. The critical
case, where expansion decelerates to complete rest only for { — oo, happens
when the kinetic energy of the expansion equals the gravitational energy. We
can easily find out the mass-energy density p. required in this case. Consider
one galaxy, mass m, at distance r from the origin O. The galaxy will recede
with speed H,r and will feel the gravity of all the matter (mass M) inside the
sphere of radius r (the Birkhofl theorem of General Relativity is used here).

We h
e have 1, GMm

Z = 1
51 " (1)
and using H, and the density p,:
1 Girr3pem
§mH§ e , (2)
so that -
Pe = 87rCo¥ ®)

This is the critical density, numerically 1.88 x 10726 h? Kg/m3, where h =
H,/(100km/s/Mpc). If the mass-energy density p of the Universe is larger
than p., the expansion decelerates to zero and the Universe collapses after a
finite time. If p < p;, the Universe expands forever. The ratio Q = p/p,. is
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called the density parameter. The density of the Universe is decreasing during
expansion, and at early times all the solutions come from a state of infinite
density, the so called Big-Bang,.

There is a paradox in this family of solutions. We measure today, some
billion years after the big bang, a value of p of the order of p.. This means that
in the past p had to be incredibly close to pg., otherwise we would not exist,
either because the Universe would have already collapsed or because it would
be already completely diluted. This is a problem of fine tuning of the initial
conditions, well known as the paradox of flatness, which cannot be solved in
the framework of the standard Hot Big Bang theory. The theory of cosmic
inflation in the very early Universe offers a solution to this problem and to
several others 4).

We live in the present epoch, and we only know the present expansion
rate of the Universe, measured by the Hubble constant. To know more about
its previous and future evolution we need to measure 2. Moreover, we need to
understand what contributes to it. Let’s list all the possible contributions.

In the Universe there is light and there is electromagnetic radiation. A
lot of photons (about 400 v/cm®). And a lot of neutrinos. But photons and
neutrinos today have a mass-energy density which is negligible with respect to
the critical density.

We see stars and interstellar gas and dust. Stars are grouped in galaxies
which are grouped in galaxy clusters. Hot gas fills the inter-cluster volume. All
this luminous (baryonic) matter accounts at most for about 5% of the critical
density: (2 < 0.05 (see 5) for a review).

We know that there is dark matter, which is needed to explain the dynam-
ics of stars in Galaxies and of galaxies in clusters. This dark matter does not in-
teract with light, and we do not know which particles is made of (cold baryons ?
neutrinos 7 WIMPS, neutralinos ?) Its density is also largely unknown, but es-
timates are converging to 20-30% of the critical density (., = Qpar+Qp ~ 0.3)
6, 7), 8),

An additional possibility is that in the universe there is some quantity of
repulsive, dark energy: a form of energy with negative pressure (vacuum energy
, or cosmological constant A, or quintessence). Q5 ~ 0.7 would account for the
recent evidence for an accelerated expansion of the universe, coming from the
observations of distant supernovae ( 10), 11)). The possible presence of ”dark
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energy” is quite important for the evolution of the Universe. At some point,
”dark energy” becomes the dominant form of energy, driving an accelerated
expansion even if the curvature is positive. If dark energy turns out to be
present, curvature and destiny of the Universe are not related anymore ( 12)).

In summary, our knowledge of the content of the Universe is very poor,
and we measure directly only a very little fraction of it. We need a different

approach to measure (.

3 Mass-Energy Density and the Curvature of the Universe

An independent method is the determination of the geometry of the Universe,
by means of the observation of its effects on light propagation. According to
General Relativity, the presence of mass and energy curves the space. This
was experimentally demonstrated since 1919, by observation of the deflection
of light coming from distant stars, and passing close to the mass of the Sun.
The same phenomenon isgr)low usual in the images of distant sources by the

mass (galaxies or clusters) on the light path, and are often seen as multiple

Hubble Space Telescope /. These sources are deformed by the presence of
images of the same source (Gravitational lensing).

The large scale geometry of the Universe is controlled by the average mass-
energy density in the same way: its presence curves the background metric of
the universe. If ) = 1, the geometry is the standard Euclidean geometry, the
space is not curved, and light rays starting parallel will travel parallel forever.
If @ > 1, the additional mass-energy will curve the space so that the global
curvature is positive. Two light rays starting parallel will converge. If Q < 1,
the defect of mass-energy will curve the space so that the global curvature is
negative. Two light rays starting parallel will diverge.

We need a method to detect the curvature of light rays due to the back-
ground metric of our Universe. It is a small effect locally, so we need to perform
the test over cosmological scales. If we could place a standard ruler at very
large distance, we could do the test by measuring the angle subtended by the
ruler. For =1 the angle would be the one computed from elementary geom-
etry in an Euclidean space. For © > 1, we expect to see a larger angle, because
light rays converge towards the observer. For ) < 1 we expect to see a smaller
angle.

The angular size of a source with proper linear size d is § = d/d4. In
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the Friedmann-Robertson-Walker metric, the angular-diameter distance d4 as
a Tunction of the redshift z and of the different density parameters can be

derived in closed form 14)

1 . 1/2 /1 dz
d =y Slnh Q 4
0,0+ 2) g VT Qe + QMw] W

Here O = 1—Qp —Qp = 1—£; the sinh function must be used for 2 < 1
and has to be replaced with a sin function for 2 > 1. In principle one could
use the diameters of Galaxies as a standard rulers, and infer the Qs from a
best fit to d4(z). But the diameter of Galaxies is hard to define, and evolution
effects are important. High redshiflt Galaxies tend to be more irregular. Similar
evolution problems are present for radio-galaxies. The solution to this problem
came recently from the study of the first high resolution images of the Cosmic
Microwave Background.

4 The Image of the Cosmic Microwave Background

Since the Universe is expanding, it has been denser and hotter in the past.
We have a way to investigate directly early epochs, due to the f{inite speed of
light: looking far away is the same as looking in the past. If we look back far
enough, we will see an epoch when the universe was about as hot as the surface
of the Sun, at a temperature of several thousand K. Then the universe was a
hot plasma, called ”the primeval fireball”, where photons and matter were in
thermal equilibrium, due to Thomson scattering of photons against free elec-
trons. We cannot see earlier epochs - as we cannot see inside the Sun - because
the plasma is opaque to light. We expect to see light coming from there. Due
to the expansion of the Universe, that visible and near infrared light has been
red-shifted by a factor 1000, and is now a faint glow of microwaves: the Cosmic
Microwave Background (CMB). This has been detected as a 2.73 K blackbody
16) | In the framework of the Hot Big Bang model, when we look to the Cosmic
Microwave Background we look back in time to the epoch when temperature
decreased below ~ 3000 K for the first time. This is the end of the plasma
era, at a redshift ~ 1000, when the universe was ~ 50000 times younger, ~
1000 times hotter and ~ 10° times denser than today. It is a transition epoch
(called ”recombination”): the ionized, opaque Universe becomes neutral and
transparent to light, so that CMB photons can travel freely all the way to our
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telescopes . The other very important consequence of the transition regards the
evolution of density perturbations (Ap/p). Density perturbations were oscillat-
ing in the primeval fireball as a result of the opposite effects of the pressure of
photons and of gravity. After recombination, photons pressure becomes unim-
portant, and Ap/p can grow and create, through gravitational instability, the
hierarchy of structures we see today in the nearby Universe. There are three
physical processes converting the density perturbations Ap/p present at at re-
combination into observable CMB temperature fluctuations AT/T. They are:
the photon density fluctuations é,, which can be related to the matter density
fluctuations Ap once the kind of perturbations is specified; the gravitational
redshift of photons scattered in an overdensity or an underdensity with gravita-
tional potential difference ¢, (Sachs-Wolfe effect 15)); and the Doppler effect
produced by the proper motion with velocity v of the electrons scattering the
CMB photons. In formulas:

AT
T

Lo g% )

3¢ c

—

1
(n) ~ Z(S'W‘ +

where n is the line of sight vector and the subscript r labels quantities at
recombination. If we are able to measure an image of the CMB, we can estimate
the density fluctuations present in the Universe at recombination, which are
the early progenitors of the structures present today in the Universe. Moreover,
the density fluctuations present at recombination result from processes in the
very early Universe, and the observation of the CMB seems to be a good way
to investigate them.

5 A standard ruler at recombination

The fact of interest here is that there is a characteristic scale in the CMB
anisotropy at recombination, because there is an acoustic horizon at recombi-
nation. The acoustic horizon is determined by the distance sound waves can
travel since the Big Bang. The speed of sound in the primeval plasma is close
to the speed of light (basically ¢, = ¢/+/3). The size of the acoustic horizon
increases with time. Density perturbations of a given proper size start to os-
cillate only when the acoustic horizon encompasses them. As long as they are
larger than the acoustic horizon, they just follow the expansion of a slightly
over-dense or under-dense universe, and do not oscillate. When the acoustic
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horizon becomes larger than their size, the opposite edges of the perturba-
tion begin to feel the effects of the forces, and the acoustic oscillation starts.
The size of the horizon at recombination separates perturbations which have
never oscillated from those that have undergone acoustic oscillations. Let’s
focus on perturbations with a size slightly smaller than the acoustic horizon.
These perturbations will start the oscillation just before recombination, and
will have just enough time to fully compress. They will be evident as slightly
hotter or slightly colder spots in the image of the CMB. The age of the Uni-
verse at recombination is of the order of 3 x 10° years, so the characteristic
proper size of these spots is 3 x 10° light-years. This is the standard ruler
we needed at cosmological distances. Perturbations slightly smaller or slightly
larger than these will not be fully compressed or rarefied, and will not be as
evident as these in the image of the CMB. The distance between us and re-
combination is of the order of the present age of the Universe, i.e. ~ 15 x 10°
light years. In an Euclidean Universe, the apparent size of these spots will be
simply 6 ~ 10% x 3 x 10%/15 x 10? rad, i.e. about one degree (the factor 103
comes from the expansion of the Universe after recombination). If, instead,
the geometry of the Universe is not Euclidean (Q # 1), then we expect to see
magnified spots (6 > 1°) if Q > 1, and de-magnified spots (8 < 1°) if Q < 1.
The recipe for this measurement is thus:

o Take a picture of the CMB with sufficient angular resolution, AT (e, ).

e Compute the angular power spectrum of the image, ¢;. Here ¢, = (|ag,m|?),
where AT'(a,8) = 3,,, armYr (a,6).
e Check if there is a peak at multipoles corresponding to an angular scale of
the order of 1° (£ ~ n/0 ~ 200). The value of (} will be determined by the
location of the peak (i.e. the typical projected angular size of the spots).
17)’ 18)’
. The result is that the location of the first peak in the angular power
spectrum of the CMB is indeed a strong function of €, but also of Q4 (or Qa)
18) 1o the region Q ~ 1, it results £, ~ Q7%, with v ~ 2.2,1.6,1.25,0.4 if
Qu ~0.2,0.3,0.4, 1.

There is a lot more information encoded in the angular power spectrum

The qualitative analysis above can be made rigorously (see e.g.
19) )

of the CMB (see 20) for a recent review). Multiple peaks are present in
the spectrum. The relative amplitudes are sensitive to the physical density of
baryons Qzh?, and to the initial power spectrum of the density fluctuations.
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This is usually parametrized as Ap/p(k) ~ k™ (here k is the wavenumber,
i.e. the inverse of the physical wavelength of the perturbation). Inflationary
models 4) naturally produce adiabatic, gaussian density fluctuations, with a
power spectrum with n ~ 1. To a lesser extent, the angular power spectrum of
the CMB is also sensitive to other cosmological parameters, like the reionization
optical depth 7¢, the different mass-energy densities, and the Hubble constant.
The main purpose of the space missions MAP 21) and Planck 22) is the
measurement of the power spectrum of the CMB with suflicient resolution and

accuracy to allow a precision measurement of all the cosmological parameters.

6 Measuring the Image of the Cosmic Microwave Background

The hunt for detecting anisotropies in the CMB and possibly build an image
of it started in the 70s. The CMB turns out to be extraordinarily isotropic:
apart from the dipole component due to the motion of the Earth, it became
clear soon that any intrinsic anisotropy had to be smaller than 100 parts per
million. Measurements are extremely difficult, due to the small amplitude of
the anisotropy and to the variability of the atmospheric emission, which is much
larger than the signal to be measured. Measurements must be carried out either
in the microwaves, from cold, dry sites, or in the far infrared, outside the earth
atmosphere, using stratospheric balloons, rockets and satellites. After 27 years
of pioneeristic efforts, the COBE satellite of NASA produced the first detection
in 1992. The DMR instrument aboard of the COBE satellite measured the

first map of CMB anisotropy 23)

. Due to the coarse angular resolution of the
instrument (~ 7¢ FWHM), only large scale structures could be detected. The
contrast of the resulting image is very low, but there are structures, at a level of
10 ppm: ATy, = (30+£3)uK. The consequence of this observation is that the
early universe is smooth at large scales. This is not trivial, because of causal
horizon eflects: regions of the sky distant more than ~ 1° are not in causal
contact at recombination. Why regions many degrees apart feature the same
temperature, within a few tens of ppm 7 This is called the paradox of horizons,
and has been solved only with the inflation theory. The angular power spectrum
of the CMB was measured for £ < 20 and is consistent with the Harrison-
Zeldovich power spectrum P(k) = Ak™ with n = (1.0 £0.3) 24)  This is
consistent with the predictions of the inflation theory. The resolution of COBE
was not enough to make the measurement of ) outlined above, which requires
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an angular resolution better than 1° FWHM. In a long lasting experimental
effort, the degree-scale and sub-degree-scale anisotropy has been detected by
several ground based and balloon-borne experiments. Only recently, however,
it has been possible to detect the presence of peaks in the power spectrum
25), 26), 27), and to produce images where the sub-degree anisotropy is
28)’ 29)’ 30)’ 31)

Let’s focus now on the BOOMERanG experiment, which produced the

clearly visible

first wide sky maps where sub-horizon structures in the CMB are detected with
28) 35)

36), 37). It is a scanning telescope, featuring important improvements with

high confidence . The instrument setup has been described in detail in
respect to previous experiments. First, BOOMERanG uses a long duration (7
to 14 days) stratospheric (~ 38 km) balloon flight around Antarctica. Long
integrations on a wide sky region are obtained, along with careful and extensive
tests for systematic effects. In addition, flying during the austral summer from
38)

at an azimuth almost perfectly opposite to the azimuth of the Sun. This sim-

Antarctica, the lowest Galactic contamination region of the sky is visible
plifies the necessary shielding required for thermal and optical reasons. Second,
BOOMERanG uses a very sensitive total power receiver, based on spider-web
bolometers 39) cooled to 0.28 K with a custom cryogenic system ( 40), 41)).
The power detected from one direction is compared to the power from con-
tiguous directions by slowly scanning the telescope (1°/s to 2°/s in azimuth).
This strategy is enabled by the intrinsic stability of the readout electronics (a
low noise AC bridge) and of the detectors. The full payload is gently moved,
avoiding mechanical choppers and the related inefliciencies and slowly varying
offsets. Third, the focal plane is multiband, with 8 pixels and 4 colors (90, 150,
240, 410 GHz) strategically located with respect to the scan direction in order
to have several temporal and spectral confirmations of the detected structures.
We track the azimuth of the best sky region while scanning at constant ele-
vation, thus obtaining highly cross-linked maps. BOOMERanG has obtained
maps of about 3% of the sky at the four frequencies, with angular resolution
ranging between 18 and 12 arcmin for the different channels. The structure
evident in the maps at 90, 150 and 240 GHz is spectrally consistent with CMB
anisotropy, strongly excluding a local origin of the detected temperature fluc-
tuations 42) The power spectrum has been estimated from the central part of
the map, corresponding to about 1% of the sky in 28) and 1.8% of the sky in
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Figure 1: Map of about 3% of the sky obtained at 150 GHz from one of the
BOOMERanG detectors. The black disk has a diameter of 0.5°. The struc-
tures dominating the figure are temperature fluctuations of the Cosmin Mi-
crowave Background due to acoustic oscillations in the primeval plasma. The
rms amplitude of the fluctuations is ~ 80uK, while the characteristic size of
the hot and cold spots is ~ 1°.

30)

peaks are evident in the angular power spectrum

. The map derived from one 150 GHz channel is visible in fig.1. Multiple
32), the first one located at
£ ~ 210. The presence of multiple peaks is the confirmation of the presence of
acoustic oscillations in the plasma before recombination, and allows the detec-
tion of several important cosmological parameters 32), 33), 34). Q is detected
by measuring the location of the first peak. The angular power spectrum of
the CMB detected by BOOMERanG 28), 30) DASI 31) and MAXIMA 29),
31) i plotted in fig.1. Given the orthogonality of the experimental and analysis
methods, the agreement of the three results is very good, at least visually. The

existing anti-correlations in the bandpowers, and the presence of some overlap
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Figure 2: CMB anisotropy power spectrum detected by BOOMERanG, MAX-
IMA and DASI. Approximaiely uncorrelated bandpowers are plotted for each
of the experiments. The error bars represent stalistical errors only. A peak
at £ ~ 200 is evident in all datasets. This is a strong indication of a critical
density of the Universe.

in the sky coverage of the BOOMERanG and DASI data should be taken into
account for a more quantitative comparison. Such a comparison will be the
best argument to exclude significant systematic effects in the three spectra.

7 Measuring (2 from the power spectrum

Lpeai has been evaluated from the BOOMERanG data by means of a quadratic
fit to the power spectrum. We find ¢, = (QISﬂg) 32). In the framework of in-
flationary adiabatic cold dark matter models this location of the peak strongly
suggests a flat geometry of the Universe. More accurate statements require
a through analysis of the full power spectrum dataset. A bayesian likelihood
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analysis has been carried out in order to constrain instrumental and cosmologi-
cal parameters given the measured power spectrum, the COBE power spectrum
data at low multipoles, and a set of prior distributions for the parameters. A
database of power spectra, for several millions of cases with different combina-
tions of the values of the cosmological parameters, has been computed. The
ranges and sampling selected for each parameter are wide enough to cover in
detail the relevant parameters space. For each model the likelihood of the data,
given the model and the assumed prior distributions, has been computed. Uni-
form prior distributions for all the assumed parameters have been used. The
results obtained from the data of 30) are robust with respect to changes in
the priors. Using only the prior 0.45 < h < 0.9, the Bayesian determination
of Qis O = 1.02%535. This result comes from a marginalization over all the
other parameters and over the uncertainties in the gain calibration and in the
beam FWHM. This determination of §? definitely points towards a Euclidean
geometry of our Universe. The BOOMERanG result above is in very good
agreement with the independent determinations of DASI (2 = 1.04 £ 0.06)
33) and MAXIMA (Q = 0.90 +0.15) 43).

The extension of the multipoles coverage up to £ ~ 1000 allows breaking
the important degeneracy between (03h? and n. From BOOMERanG Qh? =
0.022fg:88§ and ng = 0.96fg:(1)8. The quality of the data is so good that just
the addition of the weak prior on h allows breaking the degeneracy between
Q4 and Q. We find Q4 = 0.5173:33 and Qparh? = 0.13 £0.05. The addition
of either a prior on the large scale structure (through the parameters og and
T') or a prior on the SN1a observations, or even just a more restrictive prior
on h = 0.71 £ 0.08 produce very significant detections of Qa: Qa = (0.55 =
0.09), (0.7379:97). (0.627919) respectively 30), 32),

8 Conclusions

The CMB anisotropy experiments have recently resolved horizon and sub-
horizon structures at recombination. Their typical size is ~ 1°, strongly sug-
gesting a Universe with Euclidean geometry and critical density . The density
of the Universe has significant contributions from dark energy (about 70%),
dark matter (about 25%) and baryons (less than 4%). Independent cosmologi-
cal observations point to this unexpected composition of the Universe. Under-
standing the nature of dark matter and dark energy is now the most important
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goal of cosmological research.
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