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AdS/CFT correspondence: Fascinating link between conformal quantum field
theories without gravity and string theory a theory with gravity (both classical and
quantized)

Two major (recent) developments in the maximal susy AdS;/CFT4 system:

‘4d max. susy Yang-Mills theory <> Superstring theory on AdSs x S°

@ Integrability in AdS/CFT:
= (close) to solution of the spectral problem: Scaling dims alias string
spectrum

@ Scattering amplitudes in maximally susy Yang-Mills,
= relation to light-like Wilson loops
=- emergence of dual superconformal symmetry

This talk: Can we connect the two?
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N = 4 super Yang Mills: The simplest interacting 4d QFT

o Field content: All fields in adjoint of SU(N), N x N matrices
o Gluons: A,, 1=0,1,2,3, A=1
o 6 real scalars: @7, I =1,...,6, A=1
o 4 x 4 real fermions: ¥, 4, ¥ 0,6 =1,2. A=1,2,3,4, A=3/2
o Covariant derivative: D, = 0, —i[A,, ], A =1

@ Action: Unique model completely fixed by SUSY

1
5 T v /d4$ Tr[‘_llFi” + 5(Du®1)* — §[®r, B ] [@1, ]+

T DUy 4 — o a0 e [0 Wy 5] — 4 ot (01,0 ]

@ | Bgyne = 0 Quantum Conformal Field Theory, 2 parameters: N & \ = gyMeN

@ Shall consider 't Hooft planar limit: N — oo with A fixed.
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Most symmetric 4d gauge theory!

e Symmetry: s50(2,4) ® s0(6) C psu(2,2|4)

Poincaré: padzpu (U“)dﬁa Mmag, ma,@"

Conformal:  kqa, d (c : central charge)

R-symmetry: 71ap

aA &
)

Poncaré Susy: ¢*“, % Conformal Susy: saA,Eé

@ 4 + 4 Supermatrix notation A = (a, | A)

B mag — %55 (d + %C) . lk‘aﬁ ) SCT‘B
Jhg = s ma5+§i§‘(d—§c) q°B
qAB S 3 —TAB—%(SSC

o Algebra:

A5, €Y =68 T4, — (—1)(AHIBNCIHDDGA 5O o
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Gauge Theory Observables

@ Scaling dimensions:
Local operators O, (z) = Tr)WVy Wa ... W, ] with W; € {Dkq),Dk\IJ,DkF}

5ab

(z1 — 22)

(Ou(1) Os(22)) = o A =N A
=0

@ Wilson loops:

We = <TrPexpi7{ ds (i" A, +il2| 67 <1>,)>
C

@ Scattering amplitudes:

Al ) = §

helicities:  h; € {0, 3, £1}

UV-finite
IR-divergent
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Superstring in AdS5 x S°

5
mn

I=VA / dr do [Gﬁ,{}gsw D XM X" 4+ G5 9, Y ™Y ™ + fermions

da3, | + dz?

o dshg = R? 2 has boundary at z =0

o V= g—? , classical limit: v/A — oo, quantum fluctuations: O(1/v/))

e AdS5 x S® is max susy background (like R and plane wave)

@ Quantization unsolved!

@ String coupling constant g; = ﬁ — 0 in 't Hooft limit

@ Isometries: s0(2,4) x s0(6) C psu(2,2[4)

@ Include fermions: Formulate as —Solggli)(i’g‘é)@ supercoset model [Metsaev, Tseytlin]
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Gauge Theory - String Theory Dictionary of Observables

Agy(N) spectrum of
scaling dimensions

Wilson loop W

An({pis hi,ai}; X)

E()) string excitation
spectrum

& minimal surface
y
= 1/m, M D3-branes

(<) open string amps

(a)

solved (7)

il
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Scattering amplitudes in N' = 4 SYM |

o Consider n-particle scattering amplitude

hn,f 1

hy,
Planar amplitudes most conveniently expressed in color ordered formalism:

An({pi, hi ai}) = sz S g R ufe ]

O'ESn/Zn

X An({polahzn}’-~'7{p0'17h0'1};)\ = QQN)

A,: Color ordered amplitude. Color structure is stripped off.

Helicity of ith particle: h; = 0 scalar, h; = +1 gluon, h; = :I:% gluino
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Spinor helicity formalism

o Express momentum and polarizations via commuting spinors A%, \%:

Y = (M) p, = \°\Y & p,pt =detp® =0

@ Choice of helicity determines polarization vector €* of external gluon

>\a~o'z ~ .
h=+1 &%= [NZ] i) o= e 5 AR
YL WP P

1, [t arbitrary reference spinors.

o E.g. scalar products: 2p; - pa = (A1, A2) [Aa, M| = (1,2) [2,1]
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Scattering amplitudes in N’ =4 SYM ||

@ Gluon amplitudes: A, (17,27, ... .n")=0=A,(17,27,....n")
by SUSY Ward identities

e Maximally helicity violating (MHV) amplitudes
-'4n(1772+ (j_1)+7j77(j+1)+7"'n+) =
ALY 0 A 7 A L A AV (1

MHV _ (1,4)"
A _<1,2>(2,3)...<n,1>

Parke-Taylor formula: [Parke, Taylor]

] BDS ConjeCtU re [Anastasiou,Bern,Dixon,Kosower; Bern,Dixon,Smirnov]
MHV _ MHV L1
IOg Mn - FCUSP(A) : Mn,l-loop,finite + “672 + g”

True for n = 4,5 known to receive corrections for n > 6

[Drummond,Henn,Korchemsky,Sokatchev; Bern,Dixon,Kosower,Roiban,Spradlin,Vergu,Volovich]

= We know all 4 and 5 point amplitudes to all loop order!
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Scattering amplitudes in N’ =4 SYM ||

@ Gluon amplitudes: A, (17,27, ... .n")=0=A,(17,27,....n")
by SUSY Ward identities

e Maximally helicity violating (MHV) amplitudes
-'4n(1772+ (j_1)+7j77(j+1)+7"'n+) =
ALY 0 A 7 A L A AV (1

MHV _ (1,4)"
A _<1,2>(2,3)...<n,1>

Parke-Taylor formula: [Parke, Taylor]

] BDS ConjeCtU re [Anastasiou,Bern,Dixon,Kosower; Bern,Dixon,Smirnov]

1 1
MHV MHV « »
log Mn = 1—‘cusp(/\) : Mn,l-loop,finite + ? + E

True for n = 4,5 known to receive corrections for n > 6

[Drummond,Henn,Korchemsky,Sokatchev; Bern,Dixon,Kosower,Roiban,Spradlin,Vergu,Volovich]
= We know all 4 and 5 point amplitudes to all loop order!

o N*MHV amplitudes have rather complicated structure! = Better formulation?
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On-shell superspace

@ Introduce Grassmann variables Th-A A=1,2,3,4 i=1,....,n [Nair]

@ Superwavefunction:

1 1 _
D(p,n) = GT(p) + ' Talp) + 577AnBSAB (p) + 517’4773 n%eapepl? (p)
1

+4,77 n"1“n” eapepG (p)

Express amplitudes compactly in on-shell superspace (A, 5\‘5‘,17;4)
+1/2

MHV-superamplitude: Packaged gluon®-gluino -scalar amplitude

- - SO, Aa;@) SE (. A
MHV . . I 4 i MM i\
A ()‘1))‘17771’"'7>\n7)\n777n) _1(271-) <1’2> <2,3><n’1>
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On-shell superspace

@ Introduce Grassmann variables Th-A A=1,2,3,4 i=1,....,n [Nair]

@ Superwavefunction:

1 1 _
D(p,n) = GT(p) + ' Talp) + 577AnBSAB (p) + 517’4773 n%eapepl? (p)
1

+4,77 n"1“n” eapepG (p)

Express amplitudes compactly in on-shell superspace (A, 5\‘5‘,17;4)
+1/2

MHV-superamplitude: Packaged gluon®-gluino -scalar amplitude

- - SO, Aa;@) SE (. A
MHV . . I 4 i MM i\
A ()‘1))‘17771’"'7>\n7)\n777n) _1(271-) <1’2> <2,3><n’1>

Conservation of ‘fermionic’ momentum: 6@ (37, Ap) = (32, Aoni)®
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Superamplitudes and su(2,2|4) invariance

@ General form of superamplitudes:

4)(Zi Ai S‘i) 5(8)(Zi Ai 1) <
LD @3 () e dem)

@ Realization of psu(2,2|4) generators in on-shell superspace, e.g. [Witten]

(
Ap = i(27r)45

!
8.
I

n
AP A A= Z A A = obvious symmetries
=1

=1

o 0 0
_— a A= —_— = | bvi
N o Sa A ; o 877;4 ess obvious sym

w

9

S

I
-

=1

e Invariance: {p, k,m,m,d,r,q,q,s,5,c; } AT\, )\l J ;i ) 0
o N.B.: Local invariance h; A, =1-A,

Helicity operator: hi=—3A0ia+ 1 LA D + 2 Intoia=1-c¢
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su(2,2[4) invariance

o The su(2,2|4) generators acting in on-shell superspace (A%, A&, n):

P =D AN, koo = Y Diadia

M = Z N0y Mag = Z Ai(aDig) »

d =Y [3A 0+ 57 0ia + 1], rp = [-n{'0ip + 150 dicl,
qu:Z)\?mA’ (ﬁ=25\?3m,

SaA = zl: Dia;a, sh = inf@a )

C = Z[l + %x\?&m — %X?‘@-d — %nf‘am] .
i
e Invariance: {p, k,m,m,d,r,q,q,s,5,c; } AT\, 5\?‘,77;4) =0
o N.B: Subtleties for colinear momenta due to holomorphic anomalies

[Bargheer, Beisert, Galleas, Loebbert,McLoughlin][Korchemsky, Sokatchev] [Skinner,Mason][Arkani-Hamed, Cachazo, Kaplan]

112/32]



MHYV Scattering amplitudes in AdS/CFT

@ Dual string description of scattering amplitudes [Alday,Maldacena '07]

Open string amplitude on IR-branes ' 22 Wilson loop with light-like segments

@ Cusp points determined by gluon momenta via key relation

N o
p’L - ‘11+1 £y

@ Yields strong coupling prediction for four-gluon MHV amplitude via classical
string theory!
@ Indeed BDS conjecture for n = 4 gluons tested:
1 1
lim log M!\LAHV = \F/27T Ma’lﬂﬁl\éop “3 + =7
A—00 € €
Fcusp()\—mo)
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Scattering amplitude < Wilson loop duality at perturbative level

N TR )
Tit1 — Ty =P

[Drummond,Henn,Korchemsky, Sokatchev]

Planar relation:

In MMHY — In W), + const + O(e) W, =+ <TrP explig §, da* Au]>

Checked up to two loops and n < 6 points.
[Drummond,Henn,Korchemsky,Sokatchev;Brandhuber,Heslop, Travaglini; Bern,Dixon,Kosower,Roiban,Spradlin,Vergu,Volovich]
String interpretation: ~ Combination of bosonic and ‘fermionic’ T-duality
transformation for AdSs x S° superstring.

[Beisert, Ricci, Tseytlin, Wolf; Berkovits, Maldacena]

Conformal invariance in dual space = Dual conformal symmetry of scattering amps!
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Dual Superconformal symmetry

@ Introduce dual on-shell superspace [Drummond, Henn, Korchemsky, Sokatchev]
ad a Yo aA a A
(i —@ip)* = AT AT (0 = 0i0)" " = AT

Then 284 and (9;?“4 have standard transformation law under (dual) conformal
transformations

@ Representation of dual superconf. algebra, { P, M, M,K,D ® R® Q,Q,S, S},
acting in dual on-shell superspace (%, §24):

a = Z 8iozd ) QaA = Z 8iozA
Kad — .’II;XB ?5 i + .CC@B Q.O‘B i
Z i

Z 0510;8 i3B + xzaﬂgl‘BAagg
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The natural question

Q: What algebraic structure emerges when one commutes conformal with dual
Conformal generatOrS? [Drummond,Henn, Plefka]
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The natural question

Q: What algebraic structure emerges when one commutes conformal with dual
Conformal generatOrS? [Drummond,Henn, Plefka]

First step: Express dual superspace coordinates (z;,6;) in terms of on-shell su-
perspace coordinates (\;, A, 7;)!

@ Open chain by droping x,+1 = x1 and 6,411 = 01 conditions, implemented via
o-fets: 6 (p) 6@ (q) = 6W (21 — 2p41) 6 (01 — O41)
@ Express dual variables via “non-local’ relations:

= 2§+ ) MRS 0t =0pt > Ayt
1<t 7<t

Now set 21 = 61 = 0 by dual translation P and Poincare Susy Q.

© Eliminate all z; and 0; derivatives in dual superconformal generators.
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Dual psu(2,2|4) generators

@ Dual superconformal generators acting in standard on-shell superspace (\, A, n):
Paa =0, Qua=0, Qb=3 niu=si
i
Mag = Z Ai(aaw): mdﬂ- s Mdﬁ' = Z 5\1-(@(92-5'): Mag ,
i i
R =3 0t 0 — 105 die=—r"p,
D= Z — 10050 — IXFOia= —d,
C= Z — 3N Do+ $XDia + 30t Dia=1 - ¢,
i
SA=3" N0y + w1 00 — 08, 0+ new
i
Saa =Y Xiadia= Gan,
i

Koa = Z xidﬂ)\m@ﬂ + T4 aﬂj\iaaiﬁ + S\idgﬁ_laﬁi]g < new

(]
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Nonlocal structure of dual K and S

o We are left with the dual generators K and S, all others trivially related to
standard superconformal generators.

n

. 5 O 9 9 :
Koo =300 ) N N 0B s
N A G T

1—1
:Z/\?S‘? m—ZAa
j=1

Nonlocal structure!
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Yangian symmetry of scattering amplitudes in N’ = 4 SYM

@ Can show that dual superconformal generators K and S may be lifted to level 1
generators of a Yangian algebra Y[psu(2,2|4)]:

[J, ONy 0)} fab J(O) conventional superconformal symmetry

[Jao), Jél)} = fu’ Jc(l) from dual conformal symmetry

with nonlocal generators

= bea Z Jz b j,c

1<j<i<n

and super Serre relations (representation dependent). [Dolan, Nappi, Witten]

[JC(LI)7[JIE1)7J£O)}} +(~1 )Ial(\b|+ICI)[ (1) [J(l) J(O)}}+( )ICI(Ia\+|b\)[Jc(1)’[Jél),JIEO)}}
= h(_1)|T||m‘+|t||n‘{Jl(0 7J"? 7Jn ]far fbsmfctnfTSt~

@ An infinite dimensional Hopf algebra
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Yangian symmetry of scattering amplitudes in N’ = 4 SYM

@ Bosonic invariance p(l.) A, = 0| with

pt(ll(j)c = Kocd + AKadt

1 - ~ ~ o
2 > (mi, o107+ Mi 6 6] — di 6162 Doy + Tinac G — (i 4 )
i<j

@ In supermatrix notation: A = (a, &|A)

i mg — %53‘ (d+ %0) . 1k°‘ﬁ 1 s‘?‘B
JAB: Paﬁ ma6+§f(d_ic) an
qAB 574 —rig — %15§c

i>j

@ Implies an infinite-dimensional symmetry algebra for N’ = 4 SYM scattering
amplitudes! < spin chain picture

120/32]



Summary of Yangian Structure

@ Combination of standard and dual superconformal symmetry lifts to Yangian

Y [psu(2,24)]

[Picture: Beisert]

@ Tree level superamplitudes invariant:

J o Al =0

for J € Y[psu(2,2]4)].
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Higher loops

@ Beyond tree-level: Conformal and dual conformal symmetry is broken by IR

divergencies = {4 &1 K., 5 @}

@ Need for regularization: Standard method Dim reduction 10 — 4 — €

@ Specialize to MHYV for simpicity:

MHV
Ay

= An "’ M™Y (pi - pjs V)

@ All loop planar amplitudes can be split into IR divergent and finite parts:

In MY

=D, + F, + O(e)

IR divergencies exponentiate in any gauge theory (a = \/872) (Muclier,Collins Sterman, |

D=}

( cusp

GO\ I .
le> > @i )
i=1

Leusp(a) = E alI‘gusp, cusp anomalous dimension

— Z da®
l

colinear anomalous dimension
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Dual Conformal Anaomaly

@ Breaking of K, is under control: Ward identity from dual Wilson loop (UV

anomaly due to CUSpS) [Drummond,Henn,Korchemsky, Sokatchev]
n n 2
0 0 1 x5,
_ 2 _ o i,0+2
K.Fp= [waxz 5a7 ~ % g7 | P = Seup(@) Y [afyy " | F,
i=1 i=1 i—litl

@ Checked at one-loop for all MHV and non-MHV amplitudes  [srandhuber Heslop, Travagiini]

@ ‘Anomaly’ fixes the MHV 4 & 5 gluon amplitudes completely. Nontrivial
structure starts with n = 6.
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Dual Conformal Anaomaly

@ Breaking of K, is under control: Ward identity from dual Wilson loop (UV

anomaly due to CUSpS) [Drummond,Henn,Korchemsky, Sokatchev]
n n 2
0 0 1 x5,
_ 2 _ o i,0+2
K.Fp= [waxz 5a7 ~ % g7 | P = Seup(@) Y [afyy " | F,
i=1 i=1 i—litl

@ Checked at one-loop for all MHV and non-MHV amplitudes  [srandhuber Heslop, Travagiini]

@ ‘Anomaly’ fixes the MHV 4 & 5 gluon amplitudes completely. Nontrivial
structure starts with n = 6.

@ Q: Can the other broken generators, in particular the standard conformal
generators {s, s, k,d} be similarly repaired at loop level?

= Could this enable us to determine the all loop planar scattering amplitudes?
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An alternative regularization [Alday, Henn, Plefka, Schuster]

M D3-branes

@ Take string picture serious:

o/ e

(a)
o Field Theory: Higgsing U(N + M) — U(N) x U(1)™. One brane for every
scattered particle, N > M.

P2

Renders amplitudes IR finite.
Have light (m; —m;) and heavy
m,; fields
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Extended dual conformal symmetry: The string picture

o Consider the string description of the IR-regulated amplitude in the T-dual
theory: The radial coordinates are related by

l/Jz=r=m

@ The SO(2,4) isometry of AdSs in T-dual theory is generated by Jysn with
embedding coordinates M = —1,0,1,2, 3, 4.
In Poincaré coordinates (7, z*) we have
J_1’4 =70, + l’”au = ﬁ
Jop—J 1y =0 = PM
Jap+J-1 =2x,(x,0” +710,) — (x2 + 7‘2)8“ = Ku

@ Expectation: Amplitudes regulated by Higgsing should be invariant exactly
under extended dual conformal symmetry KH and D with 7 — m!
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Higgsing N’ = 4 Super Yang-Mills

1, . 2
SUNFAD /l#x1y<——fﬂ ——§(Du@ﬂ2%-%—mh,@JP—%knﬂs)7
Decompose into N + M blocks

A (A )a (A )aj 2 (cbf)ab ((I)I)a'
A= ((Ai)ij (Ai)ij) ’ ¢ = ((@I)m 019 7" 0ij +]((I)I)ij>

ab=1,....N,i,j=N+1,... N+ M,
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Higgsing N’ = 4 Super Yang-Mills

2
SUNFAD /d% Tr(—— P2, - (D,,<I>1)2 + gz (7,852 + ferms) 7
Decompose into N + M blocks

A (A )a (A )aj 2 (cbl)ab ((I)I)a'
A= ((Ai)ij (Ai)ij) ’ ¢ = ((‘I)I)m 019 7" 0ij +]((I)I)ij>

ab=1,...,N,i,j=N+1,.... N+ M,
Add R¢ gauge fixing and appropriate ghost terms. Qudratic terms (A := (Ay, Pr))

= /d“x{ — 3 Te(9uAn)? = 5(m; — my)? (Anr)iy (AM)js

—m2 (Anr)ia (AM)g; —i—ferms}

SN =4

quad

Plus novel bosonic 3-point interactions

SN:4‘(’)(m.) B /d4x { mi ([®g, A Ay )i — mi(Ay [@g, AM] )i

+m; ([Pg, @] Prr )iz — mi (Pp [Po, r] )ii }
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One loop test of extended dual conformal symmetry 1

o Consider the (special) purely scalar amplitude:

Ag = (©4(p1) ©5(p2) ©4(pa) ©5(pa)) = ighys (1 + A1 (s,t.m0) + O(a?))

I(l)(s,t,m@-): Massive box integral in dual variables (p; = x; — x;,1)

— /d4$5 (x5 + (m1 — m3)*) (23, + (m2 —ma)?)
(9”%5 + m%)(fﬂ% + m%)($§5 + mg)(ﬁm + mi)

5(@.M:4)
1 22 22 5 -

1MW (s,t,m;) = 1’133524/d L5259 -3 -2 ~2
Li5L25L35L Y5

Indeed IV (s,¢,m;) is extended dual conformal invariant: KHI(l)(s,t,mi) =0
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One loop test of extended dual conformal symmetry 2

@ Extended dual conformal invariance

K, IW (s, t,my) =

< ) ) 9
§ oy v_Z . (22 2 2 1 1W(s tm) =0
— [ Lip <$z axly + mlamz> (332 + mz)axéﬁ] (57 aml)
The only existing 4 particle invariants are: 253 and *2**: One computes
13 24

—m24+0(m?)

mims Moy m1m3 momay
I(l)(x%?,,x§4,mi)=f< RS >_21 ( )1 ( ) )

L3 Loy x13 Loy

@ Triangle and bubble graphs are forbidden by extended conformal symmetry!
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One loop test of extended dual conformal symmetry 3

@ Indeed an explicit one-loop calculation shows the cancelation of triangles:

(P4(p1) P5(p2) Pa(p3) P5(Pa))1-loop =

- 2l§l2+ ubbles
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Extended dual conformal invariance at higher loops

@ At 2 loops: Only one integral is allowed by extended dual conformal symmetry:

i1 i3

iy igq

Should similarly restrict possible integrals at higher loops.
o Computed this graph in m; — 0 limit using Mellin-Barnes techniques.
@ No 1 x e=1"interference’ as in dimred: Here log(m?) x m? — 0.
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Extracting the cusp anomalous dimension

o We have

2-loops

= exp |:Fcusp(>‘) x}

where one splits M into Inm? dependent and independent pieces:

InMy =Dy + Fy + O(mQ)

2
o Defining (%) In My = —Teusp(a) | we find Teusp(a) = 2a — 2C2 a® + . ..

where a = \/87? in agreement with dim reg.

@ Furthermore for finite piece one has

Fi = Tasp(a) [5102(s/1) + 5] + C(a)

with C(a) = a® 7*/120 + O(a?).
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Summary and Outlook

@ Tree level amplitudes are invariant under standard superconformal and dual
superconformal symmetry.

@ Closure of both algebras yields infinite dimensional Yangian symmetry.

= Hint for integrability in scattering amplitudes!

o |s form of tree amplitudes fixed by Yangian symmetry?

= Needs to include colinear limits = length changing effects

[Bargheer, Beisert,Galleas,Loebbert, McLoughlin]
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Summary and Outlook

Tree level amplitudes are invariant under standard superconformal and dual
superconformal symmetry.

Closure of both algebras yields infinite dimensional Yangian symmetry.

= Hint for integrability in scattering amplitudes!

Is form of tree amplitudes fixed by Yangian symmetry?

= Needs to include colinear limits = length changing effects

[Bargheer, Beisert,Galleas,Loebbert, McLoughlin]

Challenge at weak coupling: Does Yangian symmetry extend to the loop level?

Breaking of dual conformal invariance at loop level under control: Can be
repaired by regularization via Higgsing with an exact extended dual conformal
symmetry.

Regularization via Higgsing restrict allowed integrals at higher loops. Is of
pratical help for higher loop calculations, e.g. in Regge limit.

Can breaking of standard conformal invariance at loop level be controlled?

[Sever,Vieira]
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Summary and Outlook

@ Tree level amplitudes are invariant under standard superconformal and dual
superconformal symmetry.

@ Closure of both algebras yields infinite dimensional Yangian symmetry.

= Hint for integrability in scattering amplitudes!

o |s form of tree amplitudes fixed by Yangian symmetry?

= Needs to include colinear limits = length changing effects

[Bargheer, Beisert,Galleas,Loebbert, McLoughlin]

@ Challenge at weak coupling: Does Yangian symmetry extend to the loop level?

@ Breaking of dual conformal invariance at loop level under control: Can be
repaired by regularization via Higgsing with an exact extended dual conformal
symmetry.

@ Regularization via Higgsing restrict allowed integrals at higher loops. Is of
pratical help for higher loop calculations, e.g. in Regge limit.

@ Can breaking of standard conformal invariance at loop level be controlled?
[Sever,Vieira]

Does integrability determine the all loop planar scattering amplitudes?
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