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The setting

AdS/CFT correspondence: Fascinating link between conformal quantum field
theories without gravity and string theory a theory with gravity (both classical and
quantized)

Two major (recent) developments in the maximal susy AdS5/CFT4 system:

4d max. susy Yang-Mills theory ⇔ Superstring theory on AdS5 × S5

1 Integrability in AdS/CFT:
⇒ (close) to solution of the spectral problem: Scaling dims alias string
spectrum

2 Scattering amplitudes in maximally susy Yang-Mills,
⇒ relation to light-like Wilson loops
⇒ emergence of dual superconformal symmetry

This talk: Can we connect the two?
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N = 4 super Yang Mills: The simplest interacting 4d QFT

Field content: All fields in adjoint of SU(N), N ×N matrices

Gluons: Aµ, µ = 0, 1, 2, 3, ∆ = 1

6 real scalars: ΦI , I = 1, . . . , 6, ∆ = 1

4× 4 real fermions: ΨαA, Ψ̄α̇
A ,α, α̇ = 1, 2. A = 1, 2, 3, 4, ∆ = 3/2

Covariant derivative: Dµ = ∂µ − i[Aµ, ∗], ∆ = 1

Action: Unique model completely fixed by SUSY

S =
1

gYM
2

∫
d4xTr

[
1
4F

2
µν + 1

2(DµΦI)
2 − 1

4 [ΦI ,ΦJ ][ΦI ,ΦJ ]+

Ψ̄A
α̇σ

α̇β
µ DµΨβ A − i

2ΨαAσ
AB
I εαβ [ΦI ,Ψβ B]− i

2Ψ̄α̇ Aσ
AB
I εα̇β̇ [ΦI , Ψ̄β̇ B]

]

βgYM = 0 : Quantum Conformal Field Theory, 2 parameters: N & λ = gYM
2N

Shall consider ’t Hooft planar limit: N →∞ with λ fixed.
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Most symmetric 4d gauge theory!

Symmetry: so(2, 4)⊗ so(6) ⊂ psu(2, 2|4)

Poincaré: pαα̇ = pµ (σµ)α̇β, mαβ, m̄α̇β̇

Conformal: kαα̇, d (c : central charge)

R-symmetry: rAB

Poncaré Susy: qαA, q̄α̇A Conformal Susy: sαA, s̄
A
α̇

4 + 4 Supermatrix notation Ā = (α, α̇|A)

J ĀB̄ =



mα

β − 1
2 δ

α
β (d+ 1

2c) kαβ̇ sαB
pα̇β mα̇

β̇ + 1
2 δ

α̇
β̇

(d− 1
2c) q̄α̇B

qAβ s̄Aβ̇ −rAB − 1
4δ
A
B c




Algebra:

[J ĀB̄ , J
C̄
D̄} = δC̄B̄ J

Ā
D̄ − (−1)(|Ā|+|B̄|)(C̄|+|D̄|)δĀD̄ J

C̄
B̄
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Gauge Theory Observables

Scaling dimensions:
Local operators On(x) = Tr[W1W2 . . .Wn] with Wi ∈ {DkΦ,DkΨ,DkF}

〈Oa(x1)Ob(x2)〉 =
δab

(x1 − x2)2 ∆a(λ)
∆a(λ) =

∞∑

l=0

λl ∆a,l

Wilson loops:

WC =

〈
TrP exp i

∮

C
ds (ẋµAµ + i|ẋ| θI ΦI)

〉

Scattering amplitudes:

An({pi, hi, ai};λ) =

{
UV-finite

IR-divergent

}

helicities: hi ∈ {0,±1
2 ,±1}

J. Henn On gluon scattering amplitudes DPG Frühjahrstagung München March 12, 2009 - p. 9/10

Symmetries of scattering amplitudes in N = 4 super Yang-Mills

! superconformal symmetry psu(2, 2|4) cf. [Witten 2003]

psu(2, 2|4) algrbra: [Ja, Jb} = fab
c
Jc , Ja =

n
X

i=1

Jia

for example

pαα̇ =
n

X

i=1

λα
i λ̃α̇

i , q̄α̇
A =

n
X

i=1

λ̃α̇
i

∂

∂ηA
i

, kαα̇ =
n

X

i=1

∂

∂λα
i

∂

∂λ̃α̇
i

! ‘dual’ superconformal symmetry [Drummond, J.H., Korchemsky, Sokatchev 2008]

! closure of algebra give Yangian Y (psu(2, 2|4)) [Drummond, J.H., Plefka 2009]

level-one Yangian generators:

Qa = fa
cb

X

1≤i<j≤n

JibJjc

! spin chain analogy

1
12 2

3
3

4

n − 1

n
n

. . .
. . .

=⇒
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Superstring in AdS5 × S5Planar IIB Superstrings on AdS5 × S5

IIB superstrings propagate on the curved superspace AdS5 × S5

−→ × × fermi

Subspaces

S5 =
SO(6)
SO(5)

=
SU(4)
Sp(2)

, AdS5 =
S̃O(2, 4)
SO(1, 4)

=
S̃U(2, 2)
Sp(1, 1)

, fermi = R32 .

Coset space

AdS5 × S5 × fermi =
P̃SU(2, 2|4)

Sp(1, 1)× Sp(2)
.

MG11, Niklas Beisert 3

I =
√
λ

∫
dτ dσ

[
G(AdS5)
mn ∂aX

m∂aXn +G(S5)
mn ∂aY

m∂aY n + fermions
]

ds2
AdS = R2 dx

2
3+1 + dz2

z2
has boundary at z = 0

√
λ = R2

α′ , classical limit:
√
λ→∞, quantum fluctuations: O(1/

√
λ)

AdS5 × S5 is max susy background (like R1,9 and plane wave)

Quantization unsolved!

String coupling constant gs = λ
4πN → 0 in ’t Hooft limit

Isometries: so(2, 4)× so(6) ⊂ psu(2, 2|4)

Include fermions: Formulate as PSU(2,2|4)
SO(1,4)×SO(5) supercoset model [Metsaev,Tseytlin]
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Gauge Theory - String Theory Dictionary of Observables

∆a(λ) spectrum of
scaling dimensions

⇔ E(λ) string excitation
spectrum

solved (?)

Wilson loop WC ⇔ minimal surface

An({pi, hi, ai};λ) (⇔)
N D3-branes

M D3-branes

z = 0

zi = 1/mi

(a)

Figure 1: (a) String theory description for the scattering of M gluons in the large N limit. Putting
the M D3-branes at different positions zi != 0 serves as a regulator and also allows us to exhibit dual
conformal symmetry. (b) Gauge theory analogue of (a): a generic scattering amplitude at large N (here:
a sample two-loop diagram).

between the M separated D3-branes, which are our external scattering states. Then there are
the “heavy” gauge fields corresponding to the strings stretching between the coincident N D3-
branes and one of the M branes. These are the massive particles running on the outer line of the
diagrams, see figure 1. In doing so, we argue that dual conformal symmetry, suitably extended to
act on the Higgs masses as well, is an exact, i.e. unbroken, symmetry of the scattering amplitudes.

This unbroken symmetry has very profound consequences. It was already noticed in [17] that
the integrals contributing to loop amplitudes in N = 4 SYM have very special properties under
dual conformal transformations, but this observation was somewhat obscured by the infrared
regulator. With our infrared regularisation, the dual conformal symmetry is exact and hence so
is the symmetry of the integrals. Therefore, the loop integrals appearing in our regularisation will
have an exact dual conformal symmetry. This observation severely restricts the class of integrals
allowed to appear in an amplitude. As a simple application, triangle sub-graphs are immediately
excluded.

The alert reader might wonder whether computing a scattering amplitude with several, dis-
tinct Higgs masses might not be hopelessly complicated. In fact, this is not the case. The
different masses are crucial for the unbroken dual conformal symmetry to work. However, once
we have used this symmetry in order to restrict the number of basis loop integrals, we can set all
Higgs masses equal and think about the common mass as a regulator. As we will show in several
examples, computing the small mass expansion in this regulator is particularly simple. In fact,
to two loops, only very simple (two-) and (one-)fold Mellin-Barnes integrals were needed.

4

open string amps
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Scattering amplitudes in N = 4 SYM I

Consider n-particle scattering amplitude

p1

p2
p3

pn−1pn

hn
hn−1

h1

h2

h3

S

Planar amplitudes most conveniently expressed in color ordered formalism:

An({pi, hi, ai}) = (2π)4 δ(4)(

n∑

i=1

pi)
∑

σ∈Sn/Zn

gn−2 tr[ta1 . . . tan ]

×An({pσ1 , hσ1}, . . . , {pσ1 , hσ1};λ = g2N)

An: Color ordered amplitude. Color structure is stripped off.

Helicity of ith particle: hi = 0 scalar, hi = ±1 gluon, hi = ±1
2 gluino
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Spinor helicity formalism

Express momentum and polarizations via commuting spinors λα, λ̃α̇:

pαα̇ = (σµ)αα̇ pµ = λαλ̃α̇ ⇔ pµ p
µ = det pαα̇ = 0

Choice of helicity determines polarization vector εµ of external gluon

h = +1 εαα̇ =
λαµ̃α̇

[λ̃ µ̃]
[λ̃ µ̃] := εα̇β̇ λ̃

α̇µ̃β̇

h = −1 ε̃αα̇ =
µα̃˜α̇

〈λµ〉 〈λµ〉 := εαβ λ
αµβ

µ, µ̄ arbitrary reference spinors.

E.g. scalar products: 2 p1 · p2 = 〈λ1, λ2〉 [λ̃2, λ̃1] = 〈1, 2〉 [2, 1]
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Scattering amplitudes in N = 4 SYM II

Gluon amplitudes: An(1+, 2+, . . . , n+) = 0 = An(1−, 2+, . . . , n+)
by SUSY Ward identities

Maximally helicity violating (MHV) amplitudes

An(1−,2+, . . . , (j − 1)+, j−, (j + 1)+, . . . n+) =

AMHV
n;0 + λ · AMHV

n;1 + λ2 · AMHV
n;2 + . . . = AMHV

n;0 · MMHV
n ({pi · pj};λ)

Parke-Taylor formula: AMHV
n;0 = i

〈1, j〉4
〈1, 2〉 〈2, 3〉 . . . 〈n, 1〉 [Parke,Taylor]

BDS conjecture [Anastasiou,Bern,Dixon,Kosower; Bern,Dixon,Smirnov]

logMMHV
n = Γcusp(λ) · MMHV

n,1-loop,finite + “
1

ε2
+

1

ε
”

True for n = 4, 5 known to receive corrections for n ≥ 6
[Drummond,Henn,Korchemsky,Sokatchev; Bern,Dixon,Kosower,Roiban,Spradlin,Vergu,Volovich]

⇒ We know all 4 and 5 point amplitudes to all loop order!

NkMHV amplitudes have rather complicated structure! ⇒ Better formulation?
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On-shell superspace

Introduce Grassmann variables ηAi A = 1, 2, 3, 4 i = 1, . . . , n [Nair]

Superwavefunction:

Φ(p, η) = G+(p) + ηAΓA(p) +
1

2
ηAηBSAB(p) +

1

3!
ηAηBηCεABCDΓ̄D(p)

+
1

4!
ηAηBηCηD εABCDG

−(p)

Express amplitudes compactly in on-shell superspace (λαi , λ̃
α̇, ηAi )

MHV-superamplitude: Packaged gluon±-gluino±1/2-scalar amplitude

AMHV
n;0 (λ1, λ̃1, η1; . . . ;λn, λ̃n, ηn) = i(2π)4 δ

(4)(
∑

i λ
α
i λ̃

α̇
i ) δ(8)(

∑
i λ

α
i η

A
i )

〈1, 2〉 〈2, 3〉 . . . 〈n, 1〉

Conservation of ‘fermionic’ momentum: δ(8)(
∑

i λ
αηAi ) = (

∑
i λ

αηAi )8
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Superamplitudes and su(2, 2|4) invariance

General form of superamplitudes:

An = i(2π)4 δ
(4)(
∑

i λi λ̃i) δ
(8)(
∑

i λi ηi)

〈1, 2〉 〈2, 3〉 . . . 〈n, 1〉 Pn({λi, λ̃i, ηi})

Realization of psu(2, 2|4) generators in on-shell superspace, e.g. [Witten]

pαα̇ =

n∑

i=1

λαi λ̃
α̇
i qαA =

n∑

i=1

λαi η
A
i ⇒ obvious symmetries

kαα̇ =

n∑

i=1

∂

∂λαi

∂

∂λ̃α̇i
sαA =

n∑

i=1

∂

∂λαi

∂

∂ηAi
⇒ less obvious sym

Invariance: { p, k, m̄,m, d, r, q, q̄, s, s̄, ci }Atree
n (λαi , λ̃

α̇
i , η

A
i ) = 0

N.B.: Local invariance hiAn = 1 · An
Helicity operator: hi = − 1

2 λ
α
i ∂i α + 1

2 λ̃
α̇
i ∂i α̇ + 1

2 η
A
i ∂i A = 1− ci
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su(2, 2|4) invariance
The su(2, 2|4) generators acting in on-shell superspace (λαi , λ̃

α̇
i , η

A
i ):

pα̇α =
∑

i

λ̃α̇i λ
α
i , kαα̇ =

∑

i

∂iα∂iα̇ ,

mα̇β̇ =
∑

i

λ̃i(α̇∂iβ̇), mαβ =
∑

i

λi(α∂iβ) ,

d =
∑

i

[1
2λ

α
i ∂iα + 1

2 λ̃
α̇
i ∂iα̇ + 1], rAB =

∑

i

[−ηAi ∂iB + 1
4δ
A
Bη

C
i ∂iC ] ,

qαA =
∑

i

λαi η
A
i , q̄α̇A =

∑

i

λ̃α̇i ∂iA ,

sαA =
∑

i

∂iα∂iA, s̄Aα̇ =
∑

i

ηAi ∂iα̇ ,

c =
∑

i

[1 + 1
2λ

α
i ∂iα − 1

2 λ̃
α̇
i ∂iα̇ − 1

2η
A
i ∂iA] .

Invariance: { p, k, m̄,m, d, r, q, q̄, s, s̄, ci }Atree
n (λαi , λ̃

α̇
i , η

A
i ) = 0

N.B: Subtleties for colinear momenta due to holomorphic anomalies
[Bargheer, Beisert, Galleas, Loebbert,McLoughlin][Korchemsky, Sokatchev] [Skinner,Mason][Arkani-Hamed, Cachazo, Kaplan]
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MHV Scattering amplitudes in AdS/CFT

Dual string description of scattering amplitudes [Alday,Maldacena ’07]

N D3-branes

M D3-branes

z = 0

zi = 1/mi

(a)

Figure 1: (a) String theory description for the scattering of M gluons in the large N limit. Putting
the M D3-branes at different positions zi != 0 serves as a regulator and also allows us to exhibit dual
conformal symmetry. (b) Gauge theory analogue of (a): a generic scattering amplitude at large N (here:
a sample two-loop diagram).

between the M separated D3-branes, which are our external scattering states. Then there are
the “heavy” gauge fields corresponding to the strings stretching between the coincident N D3-
branes and one of the M branes. These are the massive particles running on the outer line of the
diagrams, see figure 1. In doing so, we argue that dual conformal symmetry, suitably extended to
act on the Higgs masses as well, is an exact, i.e. unbroken, symmetry of the scattering amplitudes.

This unbroken symmetry has very profound consequences. It was already noticed in [17] that
the integrals contributing to loop amplitudes in N = 4 SYM have very special properties under
dual conformal transformations, but this observation was somewhat obscured by the infrared
regulator. With our infrared regularisation, the dual conformal symmetry is exact and hence so
is the symmetry of the integrals. Therefore, the loop integrals appearing in our regularisation will
have an exact dual conformal symmetry. This observation severely restricts the class of integrals
allowed to appear in an amplitude. As a simple application, triangle sub-graphs are immediately
excluded.

The alert reader might wonder whether computing a scattering amplitude with several, dis-
tinct Higgs masses might not be hopelessly complicated. In fact, this is not the case. The
different masses are crucial for the unbroken dual conformal symmetry to work. However, once
we have used this symmetry in order to restrict the number of basis loop integrals, we can set all
Higgs masses equal and think about the common mass as a regulator. As we will show in several
examples, computing the small mass expansion in this regulator is particularly simple. In fact,
to two loops, only very simple (two-) and (one-)fold Mellin-Barnes integrals were needed.

4

T-dual⇔
z=0

z

Open string amplitude on IR-branes
T-dual⇔ Wilson loop with light-like segments

Cusp points determined by gluon momenta via key relation

pµi = xµi+1 − x
µ
i

Yields strong coupling prediction for four-gluon MHV amplitude via classical
string theory!
Indeed BDS conjecture for n = 4 gluons tested:

lim
λ→∞

logMMHV
4 =

√
λ/2π︸ ︷︷ ︸

Γcusp(λ→∞)

·MMHV
4,1-loop + “

1

ε2
+

1

ε
”
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Scattering amplitude ⇔ Wilson loop duality at perturbative level

J. Henn Scattering amplitudes, Wilson loops, and dual superconformal symmetry DESY Zeuthen December 11, 2008 - p. 11/23

Gluon scattering amplitudes / Wilson loops duality

⇐⇒

. . .

x1 x2

x3 xµ
i+1 − xµ

i = pµ
i

. . .
xn−1

xnp1

p2p3

.

.

.

pn−1 pn

ln W (Cn) = div + F (WL)(a, pi · pj) + O(ε)

! Proposal: MHV gluon amplitudes at are dual to light-like Wilson loops

F (A)(a, pi · pj) = F (WL)(a, pi · pj) + O(1/Nc) + const

! motivated at strong coupling via AdS/CFT [Alday, Maldacena ’07]

! field theory:

" valid at one loop [Drummond,Korchemsky,Sokatchev ’07],[Brandhuber, Heslop, Travaglini ’07]

" two-loop calculation for n = 4, 5 points [Drummond,J.H.,Korchemsky,Sokatchev ’07]

" result agrees with BDS formula!

# Why is the result so simple?

[Drummond,Henn,Korchemsky, Sokatchev]

Planar relation:

lnMMHV
n = lnWn + const +O(ε) Wn = 1

N

〈
TrP exp[ig

∮
Cn
dxµAµ]

〉

Checked up to two loops and n ≤ 6 points.
[Drummond,Henn,Korchemsky,Sokatchev;Brandhuber,Heslop,Travaglini; Bern,Dixon,Kosower,Roiban,Spradlin,Vergu,Volovich]

String interpretation: Combination of bosonic and ‘fermionic’ T-duality
transformation for AdS5 × S5 superstring.

[Beisert,Ricci,Tseytlin,Wolf;Berkovits,Maldacena]

Conformal invariance in dual space ⇒ Dual conformal symmetry of scattering amps!
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Dual Superconformal symmetry

Introduce dual on-shell superspace [Drummond, Henn, Korchemsky, Sokatchev]

(xi − xi+1)αα̇ = λαi λ̃
α̇
i (θi − θi+1)αA = λαi η

A
i

Then xαα̇i and θαAi have standard transformation law under (dual) conformal
transformations

Representation of dual superconf. algebra, {P,M, M̄,K,D ⊕R⊕Q, Q̄, S, S̄ },
acting in dual on-shell superspace (xαα̇, θαA):

Pαα̇ =
∑

i

∂iαα̇ , QαA =
∑

i

∂iαA

Kαα̇ =
∑

i

xαβ̇i xα̇βi
∂

∂xββ̇i

+ xα̇βi θαBi
∂

∂θβ Bi

SAα =
∑

i

−θBiαθβAi ∂iβB + xiα
β̇θβAi ∂ββ̇

...
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The natural question

Q: What algebraic structure emerges when one commutes conformal with dual
conformal generators? [Drummond,Henn,Plefka]

First step: Express dual superspace coordinates (xi, θi) in terms of on-shell su-
perspace coordinates (λi, λ̃i, ηi)!

1 Open chain by droping xn+1 = x1 and θn+1 = θ1 conditions, implemented via
δ-fcts: δ(4)(p) δ(8)(q) = δ(4)(x1 − xn+1) δ(8)(θ1 − θn+1)

2 Express dual variables via “non-local’ relations:

xαα̇i = xαα̇1 +
∑

j<i

λαj λ̃
α̇
j θαAi = θαA1 +

∑

j<i

λαj η
A
j

Now set x1 = θ1 = 0 by dual translation P and Poincare Susy Q.

3 Eliminate all xi and θi derivatives in dual superconformal generators.
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Dual psu(2, 2|4) generators
Dual superconformal generators acting in standard on-shell superspace (λ, λ̃, η):

Pαα̇ = 0 , QαA = 0 , Q
A
α̇ =

∑

i

ηAi ∂iα̇= s̄Aα̇

Mαβ =
∑

i

λi(α∂iβ)= m̄α̇β̇ , M α̇β̇ =
∑

i

λ̃i(α̇∂iβ̇)= mαβ ,

RAB =
∑

i

ηAi ∂iB − 1
4δ
A
Bη

C
i ∂iC= −rAB ,

D =
∑

i

−1
2λ

α
i ∂iα − 1

2 λ̃
α̇
i ∂iα̇= −d ,

C =
∑

i

−1
2λ

α
i ∂iα + 1

2 λ̃
α̇
i ∂iα̇ + 1

2η
A
i ∂iA= 1− c ,

SAα=
∑

i

λiαθ
γA
i ∂iγ + xi+1α

β̇ηAi ∂iβ̇ − θBi+1αη
A
i ∂iB ← new

Sα̇A =
∑

i

λ̃iα̇∂iA= q̄α̇A ,

Kαα̇ =
∑

i

xiα̇
βλiα∂iβ + xi+1α

β̇λ̃iα̇∂iβ̇ + λ̃iα̇θ
B
i+1α∂iB ← new
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Nonlocal structure of dual K and S

We are left with the dual generators K and S, all others trivially related to
standard superconformal generators.

Kαα̇ =

n∑

i=1

xα̇βi λαi
∂

∂λβi
+ xαβ̇i+1 λ̃

α̇
i

∂

∂λ̃β̇i

+ λ̃α̇i θ
αB
i+1

∂

∂ηBi
+ xαα̇i

xαα̇i =
i−1∑

j=1

λαj λ̃
α̇
j θαAi+1 =

i∑

j=1

λαj η
A
j

Nonlocal structure!
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Yangian symmetry of scattering amplitudes in N = 4 SYM

Can show that dual superconformal generators K and S may be lifted to level 1
generators of a Yangian algebra Y [psu(2, 2|4)]:

[J (0)
a , J

(0)
b } = fab

c J (0)
c conventional superconformal symmetry

[J (0)
a , J

(1)
b } = fab

c J (1)
c from dual conformal symmetry

with nonlocal generators

J (1)
a = f cba

∑

1<j<i<n

J
(0)
i,b J

(0)
j,c

and super Serre relations (representation dependent). [Dolan,Nappi,Witten]

[J (1)
a , [J

(1)
b , J (0)

c }}+ (−1)|a|(|b|+|c|)[J (1)
b , [J (1)

c , J (0)
a }}+ (−1)|c|(|a|+|b|)[J (1)

c , [J (1)
a , J

(0)
b }}

= h(−1)|r||m|+|t||n|{J (0)
l , J (0)

m , J (0)
n ]far

lfbs
mfct

nfrst.

An infinite dimensional Hopf algebra
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Yangian symmetry of scattering amplitudes in N = 4 SYM

Bosonic invariance p
(1)
αα̇An = 0 with

p
(1)
αα̇ = Kαα̇ + ∆Kαα̇

=
1

2

∑

i<j

(mi, α
γδγ̇α̇ + m̄i, α̇

γ̇δγα − di δγαδγ̇α̇) pj, γγ̇ + q̄i, α̇C q
C
j,α − (i↔ j)

In supermatrix notation: Ā = (α, α̇|A)

J ĀB̄ =



mα

β − 1
2 δ

α
β (d+ 1

2c) kαβ̇ sαB
pα̇β mα̇

β̇ + 1
2 δ

α̇
β̇

(d− 1
2c) q̄α̇B

qAβ s̄Aβ̇ −rAB − 1
4δ
A
B c




⇒ J (1) Ā
B̄ := −

∑

i>j

(−1)|C̄|(J Āi C̄ J
C̄
j B̄ − J Āj C̄ J

C̄
i B̄)

Implies an infinite-dimensional symmetry algebra for N = 4 SYM scattering
amplitudes! ⇔ spin chain picture
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Summary of Yangian Structure

Combination of standard and dual superconformal symmetry lifts to Yangian
Y [psu(2, 2|4)] [Picture: Beisert]

Level

p(1) = K, q(1) = Ss̄(1), q̄(1)

k(0), s(0)

k(1), s(1)

s̄(0) = Q̄

q̄(0) = S̄
p(0), q(0)

P, Q

(1)

(0)

Tree level superamplitudes invariant: J ◦ Atree
n = 0 for J ∈ Y [psu(2, 2|4)].
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Higher loops

Beyond tree-level: Conformal and dual conformal symmetry is broken by IR
divergencies ⇒ {s/, s̄/, k/,K/, S/, Q̄/}
Need for regularization: Standard method Dim reduction 10→ 4− ε
Specialize to MHV for simpicity: AMHV

n = AMHV
n,0 MMHV

n (pi · pj ;λ)

All loop planar amplitudes can be split into IR divergent and finite parts:

lnMMHV
n = Dn + Fn +O(ε)

IR divergencies exponentiate in any gauge theory (a = λ/8π2) [Mueller,Collins,Sterman,. . . ]

Dn = −1

2

∞∑

l=1

al

(
Γ

(l)
cusp

(lε)2
+
G(l)

lε

)
n∑

i=1

(2pi · pj)lε

Γcusp(a) =
∑

l

alΓ
(l)
cusp , cusp anomalous dimension

G(a) =
∑

l

alG(l) , colinear anomalous dimension
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Dual Conformal Anaomaly

Breaking of Kµ is under control: Ward identity from dual Wilson loop (UV
anomaly due to cusps) [Drummond,Henn,Korchemsky,Sokatchev]

KµFn =

n∑

i=1

[
2xiµx

ν
i

∂

∂xνi
− x2

i

∂

∂xµi

]
Fn =

1

2
Γcusp(a)

n∑

i=1

[
xµi,i+1 ln

x2
i,i+2

x2
i−1,i+1

]
Fn

Checked at one-loop for all MHV and non-MHV amplitudes [Brandhuber,Heslop,Travaglini]

‘Anomaly’ fixes the MHV 4 & 5 gluon amplitudes completely. Nontrivial
structure starts with n = 6.

Q: Can the other broken generators, in particular the standard conformal
generators {s, s̄, k, d} be similarly repaired at loop level?

⇒ Could this enable us to determine the all loop planar scattering amplitudes?
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An alternative regularization [Alday, Henn, Plefka, Schuster]

Take string picture serious:

N D3-branes

M D3-branes

z = 0

zi = 1/mi

(a)

Figure 1: (a) String theory description for the scattering of M gluons in the large N limit. Putting
the M D3-branes at different positions zi != 0 serves as a regulator and also allows us to exhibit dual
conformal symmetry. (b) Gauge theory analogue of (a): a generic scattering amplitude at large N (here:
a sample two-loop diagram).

between the M separated D3-branes, which are our external scattering states. Then there are
the “heavy” gauge fields corresponding to the strings stretching between the coincident N D3-
branes and one of the M branes. These are the massive particles running on the outer line of the
diagrams, see figure 1. In doing so, we argue that dual conformal symmetry, suitably extended to
act on the Higgs masses as well, is an exact, i.e. unbroken, symmetry of the scattering amplitudes.

This unbroken symmetry has very profound consequences. It was already noticed in [17] that
the integrals contributing to loop amplitudes in N = 4 SYM have very special properties under
dual conformal transformations, but this observation was somewhat obscured by the infrared
regulator. With our infrared regularisation, the dual conformal symmetry is exact and hence so
is the symmetry of the integrals. Therefore, the loop integrals appearing in our regularisation will
have an exact dual conformal symmetry. This observation severely restricts the class of integrals
allowed to appear in an amplitude. As a simple application, triangle sub-graphs are immediately
excluded.

The alert reader might wonder whether computing a scattering amplitude with several, dis-
tinct Higgs masses might not be hopelessly complicated. In fact, this is not the case. The
different masses are crucial for the unbroken dual conformal symmetry to work. However, once
we have used this symmetry in order to restrict the number of basis loop integrals, we can set all
Higgs masses equal and think about the common mass as a regulator. As we will show in several
examples, computing the small mass expansion in this regulator is particularly simple. In fact,
to two loops, only very simple (two-) and (one-)fold Mellin-Barnes integrals were needed.

4

Field Theory: Higgsing U(N +M)→ U(N)× U(1)M . One brane for every
scattered particle, N �M .

Renders amplitudes IR finite.
Have light (mi−mj) and heavy
mi fields

N D3-branes

M D3-branes

z = 0

zi = 1/mi

(a)

p2 p3

p4p1

i2i2

i3

i3

i4i4

i1

i1

j k

(b)

Figure 1: (a) String theory description for the scattering of M gluons in the large N limit. Putting
the M D3-branes at different positions zi != 0 serves as a regulator and also allows us to exhibit dual
conformal symmetry. (b) Gauge theory analogue of (a): a generic scattering amplitude at large N (here:
a sample two-loop diagram).

moving M D3-branes away from the N parallel D3-branes and also separating these M distinct
branes from one another. One then has “light” gauge fields corresponding to strings stretching
between the M separated D3-branes, which are our external scattering states. Then there are
the “heavy” gauge fields corresponding to the strings stretching between the coincident N D3-
branes and one of the M branes. These are the massive particles running on the outer line of the
diagrams, see figure 1. In doing so, we argue that dual conformal symmetry, suitably extended to
act on the Higgs masses as well, is an exact, i.e. unbroken, symmetry of the scattering amplitudes.

This exact symmetry has very profound consequences. It was already noticed in [18] that
the integrals contributing to loop amplitudes in N = 4 SYM have very special properties under
dual conformal transformations, but this observation was somewhat obscured by the infrared
regulator. With our infrared regularisation, the dual conformal symmetry is exact and hence so
is the symmetry of the integrals. Therefore, the loop integrals appearing in our regularisation will
have an exact dual conformal symmetry. This observation severely restricts the class of integrals
allowed to appear in an amplitude. As a simple application, triangle sub-graphs are immediately
excluded.

The alert reader might wonder whether computing a scattering amplitude with several, dis-
tinct Higgs masses might not be hopelessly complicated. In fact, this is not the case. The
different masses are crucial for the exact dual conformal symmetry to work. However, once we
have used this symmetry in order to restrict the number of basis loop integrals, we can set all
Higgs masses equal and think about the common mass as a regulator. As we will show in several
examples, computing the small mass expansion in this regulator is particularly simple. In fact,

4
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Extended dual conformal symmetry: The string picture

Consider the string description of the IR-regulated amplitude in the T-dual
theory: The radial coordinates are related by

1/z = r = m

The SO(2, 4) isometry of AdS5 in T-dual theory is generated by JMN with
embedding coordinates M = −1, 0, 1, 2, 3, 4.
In Poincaré coordinates (r, xµ) we have

J−1,4 = r∂r + xµ∂µ = D̂

J4,µ − J−1,µ = ∂µ = P̂µ

J4,µ + J−1,µ = 2xµ(xν∂
ν + r∂r)− (x2 + r2)∂µ = K̂µ

Expectation: Amplitudes regulated by Higgsing should be invariant exactly
under extended dual conformal symmetry K̂µ and D̂ with r → m!
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Higgsing N = 4 Super Yang-Mills

Ŝ
U(N+M)
N=4 =

∫
d4xTr

(
−1

4
F̂ 2
µν −

1

2
(DµΦ̂I)

2 +
g2

4
[Φ̂I , Φ̂J ]2 + ferms

)
,

Decompose into N +M blocks

Âµ =

(
(Aµ)ab (Aµ)aj
(Aµ)ia (Aµ)ij

)
, Φ̂I =

(
(ΦI)ab (ΦI)aj
(ΦI)ia δI9

mi
g δij + (ΦI)ij

)

a, b = 1, . . . , N , i, j = N + 1, . . . , N +M ,

Add Rξ gauge fixing and appropriate ghost terms. Qudratic terms (AM := (Aµ,ΦI))

ŜN=4

∣∣∣
quad

=

∫
d4x

{
− 1

2Tr(∂µAM )2 − 1
2(mi −mj)

2 (AM )ij (AM )ji

−m2
i (AM )ia (AM )ai + ferms

}

Plus novel bosonic 3-point interactions

ŜN=4

∣∣∣
O(mi)

=

∫
d4x

{
mi ([Φ9, A

µ]Aµ )ii −mi(Aµ [Φ9, A
µ] )ii

+mi ([Φ9,ΦI′ ] ΦI′ )ii − mi (ΦI′ [Φ9,ΦI′ ] )ii

}
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One loop test of extended dual conformal symmetry 1

Consider the (special) purely scalar amplitude:

A4 = 〈Φ4(p1) Φ5(p2) Φ4(p3) Φ5(p4)〉 = ig2
YM

(
1 + λ I(1)(s, t,mi) +O(a2)

)

I(1)(s, t,mi): Massive box integral in dual variables (pi = xi − xi+1)

p2 p3

p4p1

i2i2

i3

i3

i4 i4

i1

i1

j

(a)

p2 p3

p4p1

(x2, m2)

(x3, m3)

(x4, m4)

(x1, m1)

(x5, 0)

(b)

Figure 3: (a) Double line notation of the gauge factor corresponding to a one-loop box integral. The
U(M) indices in determine the masses of the different propagators. (b) Dual diagram (thick black lines)
and dual coordinates. The fifth component of the dual coordinates corresponds to the radial AdS5

direction.

made in such a way that a proliferation of Feynman graphs is avoided. For example, at tree-level,
we need to compute only one Feynman diagram and we obtain 3

Atree
4 = ig2

YM . (17)

The corresponding one-loop calculation is carried out in appendix B. Introducing the notation

A4 = Atree
4 M4 , (18)

and using the result (71) we obtain

M4 = 1 − a

2
I(1)(s, t, mi) + O(a2) , (19)

where s = (p1 + p2)
2, t = (p2 + p3)

2 are the usual Mandelstam variables, mi are the Higgs masses
introduced in the previous section, and a = g2

YMN/(8π2), with gYM being the Yang-Mills coupling
constant.

The integral I(1) is a box integral, depicted in figure 3. In contrast to dimensional regular-
isation, it is defined in four dimensions and depends on several masses coming from the Higgs
mechanism. The integral is given by

I(1)(s, t, mi) = c0

∫
d4k

(s + (m1 − m3)
2)(t + (m2 − m4)

2)

(k2 + m2
1)((k + p1)2 + m2

2)((k + p1 + p2)2 + m2
3)(k − p4)2 + m2

4)
. (20)

3We redefine the coupling constant g = gYM/
√

2 in order to compare to results in the conventions of [13, 14].
Also, we omit writing the momentum conservation delta function δ(4)(p1 + p2 + p3 + p4).

10

=

∫
d4x5

(x2
13 + (m1 −m3)2)(x2

24 + (m2 −m4)2)

(x2
15 +m2

1)(x2
25 +m2

2)(x2
35 +m2

3)(x2
45 +m2

4)

Reexpressed in 5d variables x̂M : x̂µi := xµi , x̂4
i := mi , i = 1 . . . 4

I(1)(s, t,mi) = x̂2
13x̂

2
24

∫
d5x̂5

δ(x̂M=4
5 )

x̂2
15x̂

2
25x̂

2
35x̂

2
45

Indeed I(1)(s, t,mi) is extended dual conformal invariant: K̂µI
(1)(s, t,mi) = 0
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One loop test of extended dual conformal symmetry 2

Extended dual conformal invariance

K̂µ I
(1)(s, t,mi) :=

4∑

i=1

[
2xiµ

(
xνi

∂

∂xνi
+mi

∂

∂mi

)
− (x2

i +m2
i )

∂

∂xµi

]
I(1)(s, t,mi) = 0

The only existing 4 particle invariants are: m1m3

x̂213
and m2m4

x̂224
: One computes

I(1)(x2
13, x

2
24,mi) = f

(
m1m3

x̂2
13

,
m2m4

x̂2
24

)
= 2 ln(

m1m3

x̂2
13

) ln(
m2m4

x̂2
24

)−π2+O(m2)

Triangle and bubble graphs are forbidden by extended conformal symmetry!
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One loop test of extended dual conformal symmetry 3

Indeed an explicit one-loop calculation shows the cancelation of triangles:

〈Φ4(p1) Φ5(p2) Φ4(p3) Φ5(p4)〉1-loop =

+
cyclic

permutations +
cyclic

permutations

Figure 7: Relevant one-loop diagrams.

B One-loop gauge theory computation

We want to calculate the one-loop contribution to the colour ordered amplitude

A4 = 〈ΦI′(p1) ΦJ ′(p2) ΦI′(p3) ΦJ ′(p4)〉 , (62)

where we recall that I ′, J ′ ∈ {4, . . . , 8}, and here we take I ′ $= J ′ with no sum on either index.
We know that the amplitude is UV finite. Hence all bubble and tadpole integrals have to cancel
and we can drop all bubble and tadpole diagrams from the beginning. What we are left with
are the 8 triangle diagrams and the one box diagram listed in figure 7. However we only need
to calculate the following two triangle diagrams and obtain the others by cyclicly permuting the
indices. Using the Feynman rules of appendix A we obtain:

I ′

I ′

J ′

J ′

p2 p3

p4p1

i1
j1

i2
j2 i3

j3

i4
j4

l2

l1

l3

= 2Ng4δj1
i2

δj2
i3

δj3
i4

δj4
i1

∫
d4l

(2π)4

(l1 + p1) · (l3 − p2)

(l21 + m2
i1
)(l22 + m2

i2
)(l23 + m2

i3
)
, (63)

I ′

I ′

J ′

J ′

p2 p3

p4p1

i1
j1

i2
j2 i3

j3

i4
j4

l2

l1

l3

= 2Ng4δj1
i2

δj2
i3

δj3
i4

δj4
i1

∫
d4l

(2π)4

(2mi1 − mi2)(2mi3 − mi2)

(l21 + m2
i1
)(l22 + m2

i2
)(l23 + m2

i3
)
. (64)

Both diagrams can be combined using the five dimensional momenta

p̂k = (pk, mik − mik+1
) l̂k = (lk, mik) , (65)

leading to

(63) + (64) = 2Ng4δj1
i2

δj2
i3

δj3
i4

δj4
i1

∫
d4l

(2π)4

(l̂2 + 2p̂1) · (l̂2 − 2p̂2)

l̂21 l̂22 l̂23
(66)

23

+

+
cyclic
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permutations
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We want to calculate the one-loop contribution to the colour ordered amplitude

A4 = 〈ΦI′(p1) ΦJ ′(p2) ΦI′(p3) ΦJ ′(p4)〉 , (62)

where we recall that I ′, J ′ ∈ {4, . . . , 8}, and here we take I ′ $= J ′ with no sum on either index.
We know that the amplitude is UV finite. Hence all bubble and tadpole integrals have to cancel
and we can drop all bubble and tadpole diagrams from the beginning. What we are left with
are the 8 triangle diagrams and the one box diagram listed in figure 7. However we only need
to calculate the following two triangle diagrams and obtain the others by cyclicly permuting the
indices. Using the Feynman rules of appendix A we obtain:

I ′

I ′

J ′

J ′

p2 p3

p4p1

i1
j1

i2
j2 i3

j3

i4
j4

l2

l1

l3
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δj2
i3

δj3
i4

δj4
i1

∫
d4l
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i1
)(l22 + m2

i2
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p2 p3

p4p1

i1
j1

i2
j2 i3

j3

i4
j4

l2

l1

l3

= 2Ng4δj1
i2

δj2
i3

δj3
i4

δj4
i1

∫
d4l

(2π)4

(2mi1 − mi2)(2mi3 − mi2)

(l21 + m2
i1
)(l22 + m2

i2
)(l23 + m2

i3
)
. (64)

Both diagrams can be combined using the five dimensional momenta

p̂k = (pk, mik − mik+1
) l̂k = (lk, mik) , (65)

leading to

(63) + (64) = 2Ng4δj1
i2

δj2
i3

δj3
i4

δj4
i1

∫
d4l

(2π)4

(l̂2 + 2p̂1) · (l̂2 − 2p̂2)

l̂21 l̂22 l̂23
(66)

23

+

Because of the two identities

2l̂2 · p̂2 = l̂22 − l̂23 and 2l̂2 · p̂2 = l̂21 − l̂22 (67)

the triangle coefficient is simply −8Ng4p̂1 · p̂2. Summing up all triangle diagrams we obtain

− 8Ng4δj1
i2

δj2
i3

δj3
i4

δj4
i1

∫
d4l

(2π)4

(
p̂1 · p̂2

l̂21 l̂22 l̂23
+

p̂2 · p̂3

l̂22 l̂23 l̂24
+

p̂1 · p̂2

l̂23 l̂24 l̂21
+

p̂2 · p̂3

l̂24 l̂21 l̂22

)
+ bubbles . (68)

The box diagram is given by

I ′
J ′

I ′
J ′

p1 p4

p3p2

j1
j4

j3

j2

i1
i4

i3
i2

l2

l3

l4

l1

= −Ng4δj1
i2

δj2
i3

δj3
i4

δj4
i1

∫
d4l

(2π)4

Tr
[
ΓI′

L/̂l 1Γ
J ′

L/̂l 4Γ
I′
L/̂l 3Γ

J ′
L/̂l 2

]

l̂21 l̂22 l̂23 l̂24

= Ng4δj1
i2

δj2
i3

δj3
i4

δj4
i1

∫
d4l

(2π)4

Tr
[
L/̂l 1 /̂l 4 /̂l 3 /̂l 2

]

l̂21 l̂22 l̂23 l̂24

= 16Ng4δj1
i2

δj2
i3

δj3
i4

δj4
i1

∫
d4l

(2π)4

(l̂1 · l̂4)(l̂3 · l̂2) − (l̂1 · l̂3)(l̂2 · l̂4) + (l̂1 · l̂2)(l̂4 · l̂3)

l̂21 l̂22 l̂23 l̂24
. (69)

Only the term (l̂1 · l̂3)(l̂2 · l̂4) contributes to the box and triangle integrals. Making use of the
simple identity

(l̂1 · l̂3)(l̂2 · l̂4) =
(

1
2
l̂21 + 1

2
l̂23 − p̂1 · p̂2

) (
1
2
l̂22 + 1

2
l̂24 − p̂2 · p̂3

)
, (70)

we can read off the box and triangle coefficients and see that the triangle integrals indeed cancel:

(69) + (68) = −16Ng4δj1
i2

δj2
i3

δj3
i4

δj4
i1

∫
d4l

(2π)4

(p̂1 · p̂2)(p̂2 · p̂3)

l̂21 l̂22 l̂23 l̂24
+ bubbles . (71)

C Results for integrals in the Higgsed theory

C.1 One-loop box integral by Mellin-Barnes method

We illustrate the use of the Mellin-Barnes (MB) representation for computing loop integrals (for
further reading see [46]). Consider the one-loop box integral of equation (20) with massless
external lines and a uniform mass mi = m circulating in the loop. Using the Mathematica
package AMBRE [47], a two-fold MB representation is automatically generated. It reads

I(1)(s, t, m) =

∫
dz̃1dz̃2(m

2)z1s(1+z2)t(−1−z1−z2)×

Γ(−z1)Γ
2(−1 − z1 − z2)Γ(−z2)Γ

2(1 + z2)Γ(2 + z1 + z2)
1

Γ(−2z1)
, (72)

24

= −16Ng4 (p̂1 · p̂2)(p̂3 · p̂4)

∫
d4l

(2π)4

1

l̂21 l̂
2
2 l̂

2
3 l̂

2
4

+ bubbles
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Extended dual conformal invariance at higher loops

At 2 loops: Only one integral is allowed by extended dual conformal symmetry:
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i4i4

i1

i1

j k

(a)

p2 p3

p4p1

(b)

Figure 4: (a) Double line notation of the gauge factor corresponding to the two-loop box integral in
the Higgsed theory. The integral is dual conformally invariant. (b) Diagram for the same integral in
the equal mass case mi = m. Dashed thin lines denote massless propagators, thick black lines denote
massive propagators.

where x̂2
i,i+1 = 0 as in the one-loop case. The momentum space notation may be more familiar

to some readers, which in the equal mass case is given by

I(2)(s, t, m) = (c0)
2 s2t

∫
d4k1

∫
d4k2

[
P (k1, m

2)P (k1 + p1, m
2)P (k1 + p1 + p2, m

2)

× P (k1 − k2, 0)P (k2, m
2)P (k2 − p4, m

2)P (k2 − p3 − p4, m
2)

]
, (34)

where P (k, m2) = (k2 + m2)−1 and the external momenta are light-like, p2
i = 0. The double box

integral may also appear in a different orientation obtained by replacing x̂1 → x̂2 , . . . , x̂4 → x̂1,
which amounts to interchanging s and t in (34). We argue that the coefficients of the box integrals
must be the same as those obtained in dimensional regularisation [13, 14]. The reason is that
the leading infrared divergence cannot depend on the regularisation. Therefore, based on dual
conformal symmetry we expect 6

M4 = 1 − a

2
I(1)(s, t, m) +

a2

4

[
I(2)(s, t, m) + I(2)(t, s, m)

]
+ O(a3) , (35)

with a = g2
YMN/(8π2). Following [13, 14], we compute

ln M4 = a w(1) + a2 w(2) + O(a3) , (36)

in order to see whether we find exponentiation in our Higgs regularisation. It is convenient to
write all quantities that appear in a small m2 expansion in the following form,

f(s, t, m2) =

imax∑

i=1

[
lni(m2/s) + lni(m2/t)

]
fi(s/t) + f0(s/t) + O(m2) . (37)

6For convenience, we write the following formulae in the equal mass case mi = m. Note that one can always
restore the full dependence on the mi by substituting m2/s → m1m3/x̂2

13 and similarly m2/t → m2m4/x̂2
24,

thanks to dual conformal symmetry.

14

Should similarly restrict possible integrals at higher loops.

Computed this graph in mi → 0 limit using Mellin-Barnes techniques.

No 1
ε × ε = 1 ’interference’ as in dimred: Here log(m2)×m2 → 0.
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Extracting the cusp anomalous dimension
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the Higgsed theory. The integral is dual conformally invariant. (b) Diagram for the same integral in
the equal mass case mi = m. Dashed thin lines denote massless propagators, thick black lines denote
massive propagators.
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= exp
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Γcusp(λ)
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Figure 3: (a) Double line notation of the gauge factor corresponding to a one-loop box integral. The
U(M) indices in determine the masses of the different propagators. (b) Dual diagram (thick black lines)
and dual coordinates. The fifth component of the dual coordinates corresponds to the radial AdS5

direction.

made in such a way that a proliferation of Feynman graphs is avoided. For example, at tree-level,
we need to compute only one Feynman diagram and we obtain 3

Atree
4 = ig2

YM . (17)

The corresponding one-loop calculation is carried out in appendix B. Introducing the notation

A4 = Atree
4 M4 , (18)

and using the result (71) we obtain

M4 = 1 − a

2
I(1)(s, t, mi) + O(a2) , (19)

where s = (p1 + p2)
2, t = (p2 + p3)

2 are the usual Mandelstam variables, mi are the Higgs masses
introduced in the previous section, and a = g2

YMN/(8π2), with gYM being the Yang-Mills coupling
constant.

The integral I(1) is a box integral, depicted in figure 3. In contrast to dimensional regular-
isation, it is defined in four dimensions and depends on several masses coming from the Higgs
mechanism. The integral is given by

I(1)(s, t, mi) = c0

∫
d4k

(s + (m1 − m3)
2)(t + (m2 − m4)

2)

(k2 + m2
1)((k + p1)2 + m2

2)((k + p1 + p2)2 + m2
3)(k − p4)2 + m2

4)
. (20)

3We redefine the coupling constant g = gYM/
√

2 in order to compare to results in the conventions of [13, 14].
Also, we omit writing the momentum conservation delta function δ(4)(p1 + p2 + p3 + p4).

10

]∣∣∣2-loops

where one splits M4 into lnm2 dependent and independent pieces:

lnM4 = D4 + F4 +O(m2)

Defining
(

∂
∂ ln(m2)

)2
lnM4 =: −Γcusp(a) we find Γcusp(a) = 2a− 2ζ2 a

2 + . . .

where a = λ/8π2 in agreement with dim reg.

Furthermore for finite piece one has

F4 =
1

2
Γcusp(a)

[1

2
ln2(s/t) +

1

2

]
+ C(a)

with C(a) = a2 π4/120 +O(a3).
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Summary and Outlook

Tree level amplitudes are invariant under standard superconformal and dual
superconformal symmetry.

Closure of both algebras yields infinite dimensional Yangian symmetry.

⇒ Hint for integrability in scattering amplitudes!

Is form of tree amplitudes fixed by Yangian symmetry?

⇒ Needs to include colinear limits ≡ length changing effects
[Bargheer,Beisert,Galleas,Loebbert,McLoughlin]

Challenge at weak coupling: Does Yangian symmetry extend to the loop level?

Breaking of dual conformal invariance at loop level under control: Can be
repaired by regularization via Higgsing with an exact extended dual conformal
symmetry.

Regularization via Higgsing restrict allowed integrals at higher loops. Is of
pratical help for higher loop calculations, e.g. in Regge limit.

Can breaking of standard conformal invariance at loop level be controlled?
[Sever,Vieira]

Does integrability determine the all loop planar scattering amplitudes?
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